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BACHELOR'S DEGREE PROGRAMME 
(BDP) 

CI:1  Term-End Examination 

December, 2016 

ELECTIVE COURSE : MATHEMATICS 
MTE-06 : ABSTRACT ALQEBRA 

Time : 2 hours 	 Maximum Marks : 50 

(Weightage : 70%) 

Note : Attempt five questions in all. Question no. 7 is 

compulsory. Answer any four questions 

from questions no. 1 to 6. Use of calculators is 

not allowed. 

1. (a) Let R[x] denote the set of all polynomials in 
x with real coefficients. On R[x], define a 
relation - by f(x) g(x) f'(x) = g'(x), where 
f(x) is the derivative of fix). Show that - is 
an equivalence relation on R[x]. For any 

f(x) E RN, determine the equivalence class 

[f(x)]. 
	 3 
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answer. 

Let f : Z5 
f(x) =5x, 
groups ? Justify 

Let S = 

is a ring with 

-> Z10 
V x e Z5. 

a

a a 	a 

identity. 

your 

3 

be given by 
Is f a homomorphism of 

answer, 	 3 

}

a E R . Check whether S 

4 

(c) 

3. (a) 

(b) Let G = GL(2, R) be the group of 2 x 2 
invertible matrices over R (with respect to 
multiplication) and let 

}

a and b are non-zero rational numbers 

Is H an abelian subgroup of G ? Justify your 
answer. 	 3 

(c) Show that x2  + x + 4 is irreducible over Z 11 . 4 

2. (a) Let A= R {1}, B= R {2} and f: A-* B 
_c  
x - 1 

and g : --> A be defined by fic) = 2x and 

g(x) =  x  . Check whether f and g are x - 2 
functions. Compute go f. Are f and g 

invertible functions ? Justify your answer. 

(b) Is the ideal generated by x 2  + 1 in Z2 [x] a 
prime ideal of Z2 [x] ? Give reasons for your 

t: 

 

0 

b 
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(b) If G is a finite abelian group of odd order, 
prove that the product of all elements in G is 
equal to the identity element of G. 	4 

(c) Is the ring 2Z isomorphic to the ring 3Z ? 
Justify your answer. 

4. (a) If H is a subgroup of G of index 2, prove that 
H is normal in G. 	 2 

(b) Let fl e S7 and suppose 134  = (2143567). Find 
4 

(c) Give with justification two factorizations of 
46 as a product of irreducible elements in 
Z 	. 

5. (a) Let R be a PID and I be an ideal of R. Is the 
quotient ring 11/I a PID ? Give reasons for 

your answer. 	 3 

(b) Prove that every group of order 63 has a 
proper non-trivial subgroup. 	 3 

(c) Let I be an ideal of a ring R. Define 
[Ril]=fx€ R I rxe Iforallre 
Prove that 

(i) : I] is an ideal of R. 

(ii) I [R : 	 4 
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6. (a) Consider the ring S = R[x] / (x2  — 3x + 2). 

(i) Give two distinct elements of S with 
justification. 

(ii) Does S have zero divisors ? Justify your 
answer. 

(b) Let (C*, • ) denote the group of non-zero 
complex numbers and 
S= {z E C* 	IZI = 1 1. 	Show that 
C* / S = R+ where (R+, • ) is the group of 
positive real numbers. 	 4 

(c) Give an example of an infinite field of 
characteristic p * 0, where p is a prime. 	2 

7. Which of the following statements are true and 
which are false ? Give reasons for your 
answers. 	 5A2=10 

(a) There exists a non-cyclic group in which 
every proper subgroup is cyclic. 

(b) In a commutative ring, every prime ideal is 
maximal. 

(c) Any group of order 3 is abelian. 

(d) The field of complex numbers C contains a 
subfield with finite number of elements. 

(e) There exists a field with 99 elements. 
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