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BACHELOR’S DEGREE PROGRAMME
(BDP)

Term-End Examination

T December, 2016

ELECTIVE COURSE : MATHEMATICS
MTE-14 : MATHEMATICAL MODELLING

Time : 2 hou}'s | Maximum Marks : 50
(Weightage : 70%)

Note: Answer any five questions. Use of calculators is
not allowed.

1. (a) A particle is projected .vertically upwards
with a velocity u m/sec. After t seconds,
another particle is projected upwards from
the same point and with the same velocity.

Prove that the particles will meet at a

2 _ 2.2
height iu——é—gﬁ metres after a time
(% + g) seconds from the start. 3
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(b)

(e

2. (a)
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Discuss the following market which is

characterized by lagged supply response :

D, =50 - 15p,

St =5+9p;

Consider arterial blood viscosity
p = 0-02 poise. If the length of the artery is

2-5 cm, radiusis 8 x 1073 em and
P=P, -Py=4x 108 dynes/cm?, then find

(i) maximum peak velocity of blood, and

(ii) the shear stress at the wall.

A particle is thrown over the wall and has a
height b at a distance a after crossing it. If
the particle strikes the ground at a distance

¢ from the point of projection, then prove

be
a(c—a)

that the angle of projection is tan™!

and the velocity of projection V is given by
2v? _ a2(c-a)? + b2c?
g ab(c-a)




(b) Bacteria cells grow at a rate proportional to
the volume of dividing cells at that moment.
If V,, is the volume of dividing cells at the
initial time t;, then find the volume of
dividing cells at any time t. Find the time at
which the volume of the cells will be double
its original size. 3
(c) State the limitations of Markowitz model for

the selection of optimal portfolio of risky
securities. 2

3. (a) Consider the motion of a simple pendulum.
Write the differential equation describing

the motion of the simple pendulum with
de

initial conditions 6 = 6 at t = 0 and e =0
at t = 0, for both the linear and non-linear
models. Give the expressions for the time
periods for both the cases. In the linear
case, derive the time period. Suppose the
length of the pendulum is doubled, then
find the time period of the pendulum in
both the cases. 5
(b) An ideal market is supplied by 200 firms,
each with supply function
' 5p-4 p>1
S(p) =
0 p<l,
where p is the price. The aggregate demand
function is D(p) = — 400p + 4800. Find the
equilibrium price. 2
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4. (a)

(b)
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In a population of birds, the proportionate

birth rate and death rate are 0-4 and 0-6 per
year, respectively. Immigration occurs at a
constant rate of 3000 birds per year and
emigration at a constant rate of 2000 birds
per year. Formulate the governing equations
of the model and solve it. Describe the
long-term behaviour of the population, when
initial population is 4000.

For the pay-off matrix given below,
transform the matrix game into

corresponding linear programming
problems for player A and player B :
Player B
1 2 3
1 3 -7 8
Player A 2 -8 8 -9
3 9 -10 11

Suppose the populations x and y satisfy the
equations

dx

E=60x—4x2—3xy
dy 2

L =42y-2y2-3
&t y — 2y — 3xy

Find all critical points of the system. Which
critical point represents the possibility of
co-existence of two species ? Discuss the type
and stability of that critical point.

4



5. (a)

b
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If the phytoplankton be limited to grow in
one-dimension, say along x-axis, then the
diffusion equation of the organism
concentration C is then given by the

formulation
» 2
€ _p2C, ac,
ot ox2

where o is the growth rate and D the
constant diffusivity. The interchange
between the internal growth and loss of
phytoplanktons has been going on for a long
time (a steady state has been reached).
Find a solution of the mathematical
formulation with boundary conditions C = 0
at x=0 and x=L.

Sulphur dioxide is emitted at a rate of 260 g/s

from a stack with an effective height of 80 m.
The wind velocity at a stack is 6 m/s and the
atmospheric stability class D for the overcast
day. Determine the ground level
concentration along the centre line at a
distance 900 m from a stack, in micrograms
per cubic metre.

Hint : ((5y = 69 m and o, = 29-5 m are the

standard deviations in the vertical direction
and cross wind direction, respectively).

4
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6. (a)

(b)

MTE-14

Suppose the quarterly sales for a particular
make of a car in Delhi were 2682, 2462 and
3012, respectively. From past data prior to
these three data points, a straight line was
the fit. The value on the line corresponding to
the last observed time is 2988, and the slope
is 80. Use exponential smoothing based upon
the three observations given above to forecast
sales for the quarterly period following these
observations, using o = f = 0-2,

The return distribution of securities 1 and 2
is as follows :

Event Chance Return
@ |Py=Py)] Ry | Ry
1 0-33 19 18
2 0-25 17 16
3 0-17 11 11
4 0-25 10 9

Find which security is more risky in the
Markowitz’s sense.

Suppose a string of length [ is connected to a
fixed point at one end and to a stick of mass
m at the other. The stick is whirling in a
circle at constant velocity v. Using
dimensional analysis, find the force in the
string.



7. (a) The mean arrival rate to a service centre is
8 per hour. The mean service time is found
to be 10 minutes for service. Assuming

' Poisson arrival and exponential service
time, find

(i) utilization factor for this service
facility,

(i) probability of two units in the system,

(iii) expected number of units in the
system, and

(iv) expected time in hours that a customer
has to spend in the system. 5

(b) Modelling a problem can be done in several
ways. Given below are the different
problems related to tumour growth. Identify
the type of model (deterministic, continuous,
stochastic or discrete) which is most
appropriate in each of the following
situations :

(i) Effect of treatment given at regular
intervals.

(ii) Effect of drugs on a patient who is
given the drug for a given duration of
time.

(iii) Effect of radiation on tumour cells :
some cells may continue to grow but
some may be damaged. 3
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(¢) Write the difference between the Geocentric
model and the Heliocentric model used to

study the solar system. 2
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