SCHOLASTIC APTITUDE TEST - 1995.
MATHEMATICS
	Time: Two Hours 
	Max. Marks: 60

	(8.30 AM - 10.30 AM)
	 




Answers must be written either in English or the medium of instruction of the candidate in high school.
· There will be no negative marking. 

· There are FIVE parts. 

· Answer all questions of a part at one place. 

· Use of calculators or graph papers is not permitted. 



PART A
This part contains five statements. State whether the statements are true or false. Give reasons. (5 x 1 = 5 Marks)
1. The product of three positive integers is equal to the product of their L.C.M and G.C.D. 

2. 443 is prime number 

3. (a – b)x2 +(b – c)x +(c – a) = 0 and (c – a)x2 +(b – c)x +(a – b) = 0 have a common solution for all real numbers a,b,c. 

4. Every odd number can be expressed as a difference of two squares. 

5. The graph of [image: image1.png]v =|lx-11-2]



cuts the x-axis exactly once. 



PART B
This part contains FIVE questions. Each question has only one correct answer. Indicate your choice by marking with the correct letter. Show your working in brief. (5 x 2 = 10 Marks)
1. If a2+b2+c2 = D where a and b are consecutive positive integers and c = ab, then [image: image2.png]


is 
(A) always an even integer 
(B) sometimes an odd integer and sometimes not 
(C) always an odd integer 
(D) sometimes rational, sometimes not 
(E) always irrational 

2. A triangle ABC is to be constructed. Given side a ( opposite [image: image3.png]


A ), [image: image4.png]


B and hc , the altitude drawn from C on to AB. If N is the number of non-congruent triangles then N is 
(A) one   (B) two     (C) zero   (D) zero or infinite   (E) infinite 

3. In any triangle ABC, a and b are the sides of triangle. Given that [image: image5.png]1
S=—ab8inC
2



( where S is the area of the triangle), then 

	A)[image: image6.png]a’ +b’





	B)[image: image7.png]a’ +b?






	C)[image: image8.png]a’ +b’-ab




	D)[image: image9.png]a’ +b’ -ab
L rbimab





	E) None of these
	 


4. If a0, a1, .............., a50 are respectively the coefficients of [image: image10.png]


in the expansion of [image: image11.png](1+x+x2)"



, then [image: image12.png]a, +a,+.




is 

	A) odd  
	B) even
	C) Zero
	D) None of these


5. The smallest value of [image: image13.png]%

+8x



for all real values of x is 

	(A) –16.25
	(B) –16
	(C) –15 
	(D) –8
	(E) None of these




PART C
This part contains FIVE incomplete statements. Complete the statements by filling the blanks. Write only the answers in your answer sheet strictly in the order in which the questions appear. (5 x 2 = 10 Marks)
1. The value of aÎ R for which the equation (1+a2)x2 +2(x-a)(1+ax)+1 = 0 has no real roots is _______________________________. 

2. The greater of the two numbers 3114 and 1718 is _______________. 

3. A and B are known verticies of a triangle. C is the unknown vertex. P is a known point in the plane of the triangle ABC. Of the two following hypotheses, 
              Hypothesis I - P is the incentre of D ABC 
              Hypothesis II - P is the circumcentre of D ABC. 
     The hypothesis which will enable C to be uniquely determined is ____I / II____ (Strike off the inapplicable) 

4. If x = 0.101001000100001 ................ is the decimal expansion of positive x, and in the series expansion of x the first, second and third terms are[image: image14.png]




 INCLUDEPICTURE "http://surendranath.tripod.com/Sat/Sat95/Mat/Image107.gif" \* MERGEFORMATINET [image: image15.png]


, [image: image16.png]


, and [image: image17.png]1
1000000




then the 100 th term is _______________________. 

5. If ABC is a triangle with AB = 7, BC = 9 and CA = n where n is a positive integer, then possible two values of n are ____________________. 



PART D
	Attempt any FIVE questions.
	(5 x 5 = 25 Marks)


1. Solve the equations 
xy + yz + zx = 12-x2  = 15-y2 = 20-z2 

2. A is 2 x 2 matrix such that AB = BA whenever B is a 2 x 2 matrix. Prove that A must be of the form kI, where k is a real number and I the identity matrix [image: image18.png]


. 

3. Determine all 2 x 2 matrices A such that A2=I, where I = [image: image19.png]


. 

4. Find an explicit formula ( in terms of nÎ N ) for f(n), if f(1)=1 and f(n)=f(n –1) + 2n – 1 

5. Let ABCD be a square. Let P,Q,R,S be respectively points on AB,BC,CD,DA such that PR and QS intersect at right angles. Show that PR=QS. 

6. Let ABC be any triangle. Construct parallelograms ABDE and ACFG on the outside D ABC. Let P be any point where the lines DE and FG intersect. Construct a parallelogram BCHI on the outside D ABC such that PA and BI are equal and parallel. Show that Area of ABDE + Area of ACFG = Area of BCHI. 

7. A belt wraps around two pulleys which are mounted with their centres s  apart. If the radius of one pulley is R and the radius of the other is (R+r)  , show that the length of the belt is [image: image20.png]T(ZR+1)+24s? -7



. 



PART E
	Attempt any ONE question 
	(1 x 10 = 10 Marks)


1. Deduce pythogaras theorem from the result of problem 6 of part D. 

2. Let x be any real number. Let[image: image21.png]A ={y/ye0<y(y+l)<(x+1)%}



 and [image: image22.png]={y/ye0<y(y-1=<x?}




. Prove that [image: image23.png]cB



. 

3. Let [image: image24.png]


. Show that there exists an infinite sequence [image: image25.png]X, ,X,,X5,X,,..




such that [image: image26.png]


for all positive integers n. 



SCHOLASTIC APTITUDE TEST 1996
MATHEMATICS 
	Time: Two Hours
	Max. Marks: 60

	(8.30 AM - 10.30 AM)
	 




NOTE:-
· Answers must be written in English or the medium of instruction of the candidate in High school. 

· There are nine questions in this paper. Answer to each question should begin on a fresh page, and rough work must be enclosed to answer book. 

· Attempt all questions. 

· There is no negative marking. 

· Answer all parts of a question at one place. 

· Use of calculators, slide rule, graph paper and logarithmic, trigonometric and statistical tables is not permitted 



PART-A
I. This section contains (7) questions. Each question has one or more than one correct answer(s). Indicate the answer(s) by A,B,C,D with brief reasoning. Order of the questions must be maintained.                                       (7 x 2 =14 MARKS)
. Let n be a product of four consecutive positive integers then 

	A) n+1 is always a perfect square 
	B) n is never a perfect square

	C) n is always divisible by 24
	D) n+12 is always a perfect square


ii. log(x+3)+log(x-1)=log(x2-2x-3) is satisfied for 

	A) All real values of x
	B) No real value of x

	C) All real values of x except x=0
	D) No real value of x except x=0

	E) All real values of x except x=1


iii. |sinx|tanx > |sinx|cotx            then [image: image27.png]x#Enm
;¢(zn—1)75’ nen




	A) [image: image28.png]0<x<Z
2




	B) [image: image29.png]0<x<Z
4




	C) [image: image30.png]T
—<x<=
4




	D) None of these


	iv. Which of the two functions are equivalent 

	A) [image: image31.png]1=vfx and x? -1+ 1-x=x +41-x






	B) [image: image32.png]3
X +x
x+x=0and =






	C) [image: image33.png]22 41=4x and 22 1+ 15 =z +/1-x





	D) [image: image34.png]1
log | sinx= and sinx=

o







	v. In a traingle ABC, the sides are in the ratio 1:1:[image: image35.png]


 it follows that [ ] 

	A) Angles of the traingle are in ratio 1:1:2 

	B) Angles of the traingle are in the ratio 1:2:3

	C) The traingle is right angle traingle 

	D) The circum circle of the D ABC has its centre on one of the sides


vi. vi. There are exactly 4 prime numbers between n and 2n. Then possible value of n is 

	A) n=4
	B) n=10 
	C) n=12 
	D) n=50


vii. The relation [image: image36.png]R={@Q123)(3.4)4,1)}



on the X={1,2,3,4} 

	A) not a function from X [image: image37.png]


X
	B) an one to one function from X[image: image38.png]


 X

	C) an onto function of X[image: image39.png]


 X 
	D) R is a transitive relation on X


 



II. This section contains (6) in-complete statements. complete the statements by filling the blanks. Write your answers in your answer book in the order in which the statements are given below. (6 x 2=12 MARKS)
i. If for some angle q and for some real number x it is given that sinq = x2-2x+2 then x should be equal to _______________ and q should be equal to ________________ degrees

ii. If a, b, c, d are four distinct integers between 1 to 10 such that for a traingle whose sides are in the ratios a:b:c, the altitudes are d:c:b. Then greatest of these four integers is _____________ and the smallest is __________________

iii. In a cylinder, AB is a diameter of the base circle and C is the centre of the top circle. Given that the volume of the cylinder is [image: image40.png]0437



cm3.[image: image41.png]


 = 300, the perimeter of the traingle ABC is _____________ and the curved surface area of the cone with vertex C (having the same base) is ______________

iv. If the sum of the intercepts of the line with coordinate is 5 and the area of the traingle formed by the line and coordinate axes is 3 then intercepts are ______________________

v. In the figure given below

[image: image42.png]



 

[image: image43.png]


= [image: image44.png]


= 900 AP = 7.5 cm, AB = 10 cm, BC = 26 cm, Then CD is ________

vi. [image: image45.png]


Then a, b are __________________



III. This section contains (8) statements in GROUP-A and (4) questions in GROUP-B. Answer questions in GROUP-B on the basis of the statements made in GROUP-A. (4 x 1 = 4 MARKS)
GROUP-A

A,B and C are three distinct points in a plane .

i . There is no point D equidistant from A,B,C 

ii. B lies on the perpendicular bisector of AC 

iii. Among the three lengths AB, BC, AC the largest is the sum of the other two

iv. There is a point D such that ABCD is a rhombus

v. There is a point D such that ABCD is a rectangle

vi. In triangle ABC, the angular bisector B is perpendicular to the side AC

vii. AB is a tangent to the circle through B with centre C

viii. AC is a diameter of the circle passing through A, B, C.

GROUP-B

1. Which of the above statements mean that A, B, C are collinear

2. Which of the above statements mean AB = BC

3. Which of the above statements mean that AB is perpendicular to BC

4. Which of the above statements infer ABCD is cyclic quadrilateral



PART-B
· Attempt all questions 

· Justify your answers with mathematical arguments 

IV. The numerator of a fraction is less than its denominator by 2. When 1 is added to both the numerator and denominator we get another fraction. The sum of these two fractions is [image: image46.png]


. Find the first fraction .                 (5)

V. Let [image: image47.png]




 INCLUDEPICTURE "http://surendranath.tripod.com/Sat/Sat96/Mat/beta.gif" \* MERGEFORMATINET [image: image48.png]


be the roots of the quadratic equation x2+ax+b=0 and [image: image49.png]


,[image: image50.png]


 be the roots of the equation 

x2-ax+b-2=0. Given that [image: image51.png]


and [image: image52.png]




 INCLUDEPICTURE "http://surendranath.tripod.com/Sat/Sat96/Mat/beta.gif" \* MERGEFORMATINET [image: image53.png]




 INCLUDEPICTURE "http://surendranath.tripod.com/Sat/Sat96/Mat/gamma.gif" \* MERGEFORMATINET [image: image54.png]




 INCLUDEPICTURE "http://surendranath.tripod.com/Sat/Sat96/Mat/delta.gif" \* MERGEFORMATINET [image: image55.png]


= 24. Find the value of the coefficient a.                    (5)

VI. Find the number of points with integral coordinates in the cartesian plane satisfying the inequalities

|x| [image: image56.png]


100; |y| [image: image57.png]


100; |x-y| [image: image58.png]


100                    (5)

VII. Given an [image: image59.png]


ABC of magnitude less than 1800 and O is a point inside it. Draw a straight line through O which forms a traingle with minimum perimeter. (Describe the construction and give proof).                   (5)

VIII. Perpendiculars are drawn from the vertex of the obtuse angle of a rhombus to its sides. The length of each perpendicular is equal to `a’ units. The distance between their feet being equal to `b’ units. Determine the area of the rhombus. (5)

IX. Let the sequence [image: image60.png]


be defined by

(a) u1 = 5 and the relation un+1 - un = 3 + 4(n-1) n[image: image61.png]


 N

Express un as a polynomial in n. 

(b) The remainder R, when x100 is divided by x2-3x+2, is a polynomial. Find x.(3)



SCHOLASTIC APTITUDE TEST 1997
MATHEMATICS
	Time: Two Hours
	Max. Marks: 60

	(8.30 AM - 10.30 AM) 
	 




NOTE:-
1. Answers must be written in English or the medium of instruction of the candidate in High school. 

2. Answer to each question should begin on a fresh page, and rough work must be enclosed with answer book. 

3. Attempt all questions. 

4. There is no negative marking. 

5. Answer all parts of a question at one place. 

6. Use of calculators, slide rule, graph paper and logarithmic, trigonometric and statistical tables is not permitted 

Note:- All answers to questions in Section-A, Section-B, Section-C must be supported by mathematical arguments unless explicitly exempted.



SECTION-A
I. This section has Five questions. Each question is provided with five alternative answers. Only one of them is the correct answer. Indicate the correct answer by A,B,C,D,E. Order of the questions must be maintained.                                                     (5 x 2 =10 MARKS)
1. n1, n2, ….., n1997 are integers, not necessarily distinct.

X = [image: image62.png]


;

Y = [image: image63.png](,1)”999 +(, 1)”1000+_ ,1)”1997





	A) (-1)X = 1, (-1)Y = 1
	B) (-1)X = 1, (-1)Y = -1

	C) (-1)X = -1, (-1)Y = 1
	D) (-1)X = -1, (-1)Y = -1

	E) none of these
	 


2. I and S are the incentre and circumcentre of  ABC. Let  AIB =  and  ASB =  . Then

	A)  is acute and nothing can be said about 
	B)  is obtuse and nothing can be said about  

	C) nothing can be said about  and  is acute
	D) nothing can be said about  and  is obtuse

	E) none of these
	 


3. Treating all similar polygons as indistinct, the number of convex decagons such that four of its angles are acute is

	A) 0
	B) infinitely many
	C) 1
	D) 10
	E) none of these


4. The first hundred natural numbers are written down. Ni denotes the number of times the digit i appears. Then

	A) N0=12, N1=20, N2=20 
	B) N0=11, N1=20, N2=20

	C) N0=11, N1=21, N2=20 
	D) N0=12, N1=20, N2=19

	E) none of these
	 


5 Consider the decimal 0.111010100010………, where the digit in the nth decimal place is 1 if either n=1 or n is a prime. Then the decimal

	A) terminates
	B) has only finite number of zeros

	C) recurs
	D) denotes a rational number

	E) denotes an irrational number
	 




SECTION-B
 

II. This section has Five questions. In each question a blank is left. (5 x 2 =10 MARKS)
Fill in the blank. 
1. k is a given real constant. f(x) is a real quadratic in x such that f(x+k) = f(-x). The coefficient of x2 is 1. Then f(x) is of the form ___________________

2. A is a 2x2 real matrix such that A2 = 0 and none of its elements is a zero. Then A is of the form __________________________

3. If X is a finite set, let P(X) denote the set of all subsets of X and let n(X) denote the number of elements in X. If for two finite sets A,B, n(P(A)) = n(P(B)) + 15, then n(B) = _____________,        n(A) = ___________.

4. p is a natural number such that no term in the expansion of [image: image64.png]


is independent of x. The p is of the form ______________________.

5. The circle C1 has centre at (2,3) and radius 3. The circle C2 has centre at (-1,4) and radius 5. The number of common tangents they possess is ________________



SECTION-C
III. This section has Five questions. Each question has a short answer. Elegant solutions will be rewarded.                                                                                 (5 x 2 =10 MARKS)
1. Sketch the graph of the region 0 < x < y < 1 on plain paper and describe it in words. 

(No verbal argument is required)

2. Find the value of x3+y3+z3-2xyz, if [image: image65.png]5=T-45, y=45-43, z=43-7.




3. The remainder when x5+kx2 is divided by (x-1) (x-2) (x-3) contains no term in x2. Find k, without performing division.

4. [image: image66.png]g(x) =log, T 2log, 4x*



if x  0. Determine the function f(x) and constants a,b

such that [image: image67.png]g(x)=a +blog, f(x)




5. How do you construct a tangent to a circle through a given external point? Justify your answer.



SECTION-D
IV. This section has six questions. These questions are long answer questions. Elegant solutions will be rewarded                                                            (6 x 5 =30 MARKS)
1. If x3+px+q = (x- ) (x- ) (x- ), then rewrite the polynomial (  x+ + ) (  x+ + ) (  x+ + ), in terms free of  , , .

2. If x+y+z = 15, xy+yz+zx = 72, prove that 3  x  7.

3. If the sides and the area of a triangle have integral measures prove that its perimeter must have even integral measure.

4. m and n are positive integers such that (i) m < n, (ii) they are not relatively prime, (iii) their product is 13013. Find their g.c.d. and hence determine all such ordered pairs (m,n).

5. Two circles 6cm, 18cm in diameter are externally tangent. Compute the area bounded by the circles and an external common tangent.

6. From any point P within a triangle ABC, perpendiculars PA' , PB' , PC' are dropped on the sides BC, CA, AB; and circles are described about PA' B' , PB' C' , PC' A' . Show that the area of the triangle formed by joining the centres of these circles is one-fourth of the area of  DABC. 



SCHOLATIC APTITUDE TEST 1998
MATHEMATICS


	Time: Two Hours 

(8.30 AM - 10.30 AM) 
	Max. Marks: 60




NOTE:-
· Answers must be written in English or the medium of instruction of the candidate in High school. 

· Attempt all questions. 

· Answer all the questions in the booklets provided for the purpose. No pages should be removed from the booklets. 

· There is no negative marking. 

· Answer all questions of section I at one place. Same applies to section II. The remaining questions can be answered in any order. 

· Answers to sections I and II must be supported by mathematical reasoning. 

· Use of calculators, slide rule, graph paper and logarithmic, trigonometric and statistical tables is not permitted 



Section I
This section has 5 questions. Each question is provided with five alternative answers. Only one of them is correct. Indicate the correct answer by Aor B or C or D or E. Order of the questions must be maintained. (5x2=10 Marks)
1. p is the smallest positive such that every positive integer greater than p can be written as a sum of two composite numbers. Then 
A) p=3 B) p=6 C) p=10 D) p=11 E) None of these 

2. ABC is a triangle such that ma > a/2, where ma = length of the median through A and a = length of BC. Then 

	A) such a triangle does not exist 
	B) [image: image68.png]


A is acute 

	C) [image: image69.png]


A is obtuse
	D) [image: image70.png]


A is right 

	E) None of these
	 


3. A vegetable shop keeps only four weights, one each of 1 kg, ½ kg, ¼ kg, 1/8 kg. A newly appointed shop assistant claims that he has so far taken once and only once each weighing possible with the available weights. If n is the number of all weighings possible and W the total weight of all possible weighings, then 

	A) n=4,W=[image: image71.png]


 kg
	B) n=16, W=30kg 

	C) n=15,W=15 kg 
	D) n=15, W=7.5 kg 

	E) None of these
	 


4. [image: image72.png]»X1997



are the roots of the polynomial [image: image73.png]27 4 196y 99
+ax™ +ayx Aaggex +1




and [image: image74.png]10,Y2 = %%

> V1997




Then [image: image75.png]


is independent of 

	A) All ai
	B) All ai, i ¹ 

	C) None of ai
	D) All ai ,i even

	E) All ai ,i odd
	 


5.  

6. Triangle ABC is isosceles, right angled at B and has area S. A circle is constructed with B as center and BA as radius. A semicircle is constructed externally on [image: image76.png]


, that is, on the side of AC which is opposite to that of B. Then the area of the crescent or sickle formed between the circle and the semicircle is 

	A) 2S
	B) S/2
	C) S
	D) [image: image77.png]zi2



S
	E) None of these




Section II
This section has 5 questions. Each question is in the form of a statement with a blank. Fill the blank so that the statement is true. Maintain the order of the questions. (5x2=10 Marks)
1. Numbers 1,2,3,…..,1998 are written in the natural order. Numbers in odd places are stricken off to obtain a new sequence. Numbers in odd places are stricken off from this sequence to obtain another sequence and so on, until only one term a is left. Then a=________ 
2. S is the circumcircle of an equilateral triangle ABC. A point D on S is such that C and D lie on opposite sides of AB. Then [image: image78.png]


ADB=               radians 

3. [image: image79.png]fixy.2y— {a. b}



is a bijection from a 3-element set into a 3-element set. It is given that exactly one of the following statements A,B,C is true and the remaining two are false: A: [image: image80.png]


B: [image: image81.png]i #a



C: [image: image82.png]flz2)zb



. Then [image: image83.png]7
(a)



=                     . 

4. Given that x is real, the solution set of [image: image84.png]Ar+l+4/x -1




is                       . 

5. In the standard expansion of [image: image85.png]2
(Zﬂ(*l)’ a)



, the number of terms appearing with -ve sign is                           . 



Section III
This section has 5 questions. The solutions are short and methods, easily suggested. Very long and tedious solutions may not get full marks. (5x2=10 Marks)
1. Determine all positive integers n such that n+100 and n+168 are both perfect squares. 

2. Determine with proof whether integers x and y can be found such that x+y and x2+y2 are consecutive integers. 

3. The first term of an arithmetical progression is Log a and the second term is Log b. Express the sum to n terms as a logarithm. 

4. p,q,r,s are positive real numbers. Prove that (p2+p+1)(q2+q+1)(r2+r+1)(s2+s+1) ³ 81pqrs 

5. With the aid of a rough sketch describe how you will draw a direct common tangent to two circles having different radii. (No formal proof is required). 

Section IV
This section has 6 questions. The solutions involve either slightly longer computations or subtler approaches. Even incomplete solutions may get partial marks. (6x5=30 Marks)
1. If x+y+z=0, then prove that 
(x2+xy+y2)3 + (y2+yz+z2)3 + (z2+zx+x2)3 = 3(x2+xy+y2) (y2+yz+z2) (z2+zx+x2) 

2. Simplify [image: image86.png](25 +3) (= +1)

@2x+3)+4 Az +1P +1



till it is obtained equal to [image: image87.png](x+2)
A(x+27 +1




3. a,b,c are distinct and p(x) is a polynomial in x, which leaves remainders a,b,c on division by x-a, x-b, x-c, respectively. Find the remainder obtained on division of p(x) by (x-a)(x-b)(x-c). 

4. A point A is taken outside a circle of radius R. Two secants are drawn from this point: One passes through the center, the other at a distance of R/2 from the center. Find the area of the circular region enclosed between the two secants. 

5. A right angled triangle has legs a,b, a>b. The right angle is bisected splitting the original triangle into two smaller triangles. Find the distance between the orthocenters of the smaller triangles using the co-ordinate geometry methods or otherwise. 

6. If two sides and the enclosed median of a triangle are respectively equal to two sides and the enclosed median of another triangle, then prove that the two triangles are congruent. 



SCHOLASTIC APTITUDE TEST 1999
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· Answers must be written in English or the medium of instruction of the candidate in High school. 

· Attempt all questions. 

· Answer all the questions in the booklets provided for the purpose. No pages should be removed from the booklets. 

· There is no negative marking. 

· Answer all questions of section I at one place. Same applies to section II. The remaining questions can be answered in any order. 

· Answers to sections I and II must be supported by mathematical reasoning. 

· Use of calculators, slide rule, graph paper and logarithmic, trigonometric and statistical tables is not permitted 



Section I
This section has 5 questions. Each question is provided with five alternative answers. Only one of them is correct. Indicate the correct answer by A or B or C or D or E. Order of the questions must be maintained. (5x2=10 Marks)
1. Let R be the set of all real numbers. The number of functions [image: image88.png]Ff:R—>R



satisfying the relation [image: image89.png](x-1P7(x)=0



is 
	A) Infinite
	B) One
	C) Two
	D) Zero

	E) None of the above


1.  is a number such that the exterior angle of a regular polygon measures 10 degrees. Then 
	A) there is no such 
	B) there are infinitely many such 

	B) there are precisely nine such 
	D) there are precisely seven such 

	E) there are precisely ten such 
	 


2. f(n)=2f(n–1)+1 for all positive integers n. Then 

	A) [image: image90.png]Fy=2""r+1]




	B) [image: image91.png]Fy+1=2"" 1)





	C) [image: image92.png]Fy+1=2""[r@+1]




	D) [image: image93.png]Fy+1=2"[f @) +1]





	E) None of these
	 


3. For any triangle let S and I denote the circumcentre and the incentre respectively. Then SI is perpendicular to a side of 

	A) any triangle 
	B) no triangle 

	C) a right angled triangle 
	D) an isosceles triangle 

	E) an obtuse angled triangle 
	 


4. If f(x)=x3+ax+b is divisible by (x-1)2 , then the remainder obtained when f(x) is divided by x+2 is 

	A) 1
	B) 0
	C) 3 
	D) –1 

	E) None of these
	 
	 
	 




Section II
This section has 5 questions. Each question is in the form of a statement with a blank. Fill the blank so that the statement is true. Maintain the order of the questions. (5x2=10 Marks)
1. [image: image94.png]BC



is a given line segment, H, K are points on it such that BH=HK=KC. P is a variable point such that 
(i) [image: image95.png]ZBPC



has the constant measure of  radians. 
(ii) [image: image96.png]ABPC



has counter clockwise orientation 
Then the locus of the centroid of [image: image97.png]ABPC



is the arc of the circle bounded by the chord [image: image98.png]


with angle in the segment ____________ radians. 

2. The coefficient of [image: image99.png]i



in [image: image100.png](ag +ayx +ays? +. +a, ")’



is __________ 

3. n is a natural number such that 
i) the sum of its digits is divisible by 11 
ii) its units place is non-zero 
iii) its tens place is not a 9. 
Then the smallest positive integer p such that 11 divides the sum of digits of (n+p) is _____________ 

4. The number of positive integers less than one million (106) in which the digits 5, 6, 7, 8, 9, 0 do not appear is ______________ 

5. The roots of the polynomial [image: image101.png]


are all positive and are denoted by  i, for i=1, 2, 3, ….., n. Then the roots of the polynomial 
[image: image102.png]a, (s 3 +2a,(2s7 3] 4270, (x2 -3f 7 4. 420"



are, in terms of  i, _________. 



Section III 
This section has 5 questions. The solutions are short and methods, easily suggested. Very long and tedious solutions may not get full marks. (5x2=10 Marks)
1. Given any integer p, prove that integers m and n can be found such that p=3m+5n. 

2. E is the midpoint of side BC of a rectangle ABCD and F the midpoint of CD. The area of  AEF is 3 square units. Find the area of the rectangle. 

3. If a, b, c are all positive and c 1, then prove that [image: image103.png]Qoech _ploeca





4. Find the remainder obtained when x1999 is divided by x2–1. 

5. Remove the modulus :[image: image104.png]‘1999 _ 9919‘



 



Section IV
This section has 6 questions. The solutions involve either slightly longer computations or subtler approaches. Even incomplete solutions may get partial marks. (6x5=30 Marks)
1. Solve the following system of 1999 equations in 1999 unknowns : 
x1+x2+x3=0, x2+x3+x4=0……., x1997+x1998+x1999=0, 
x1998+x1999+x1=0, x1999+x1+x2=0 

2. Given base angles and the perimeter of a triangle, explain the method of construction of the triangle and justify the method by a proof. Use only rough sketches in your work. 

3. If x and y are positive numbers connected by the relation 
[image: image105.png]


, prove that 
[image: image106.png]logy =3logx ~loglx —a|~log|x ~ |~ logs ~¢|




for any valid base of the logarithms. 

4. Let  XYZ denote the area of triangle XYZ. ABC is a triangle. E, F are points on [image: image107.png]


and [image: image108.png]AC



respectively. [image: image109.png]CE



and [image: image110.png]


intersect in O. If  EOB=4,  COF=8,  BOC=13, develop a method to estimate  ABC. (you may leave the solution at a stage where the rest is mechanical computation). 

5. Prove that 80 divides [image: image111.png]‘1999 _ 9919‘




6. ABCD is a convex quadrilateral. Circles with AB, BC, CD, DA as a diameters are drawn. Prove that the quadrilateral is completely covered by the circles. That is, prove that there is no point inside the quadrilateral which is outside every circle. 



SCHOLASTIC APTITUDE TEST 2000
MATHEMATICS
	Time: Two Hours
	Max. Marks: 60




· Answers must be written in English or the medium of instruction of the candidate in High school. 

· Attempt all questions. 

· Answer all the questions in the booklets provided for the purpose. No pages should be removed from the booklets. 

· There is no negative marking. 

· Answer all questions of section I at one place. Same applies to section II. The remaining questions can be answered in any order. 

· Answers to sections I and II must be supported by mathematical reasoning. 

· Use of calculators, slide rule, graph paper and logarithmic, trigonometric and statistical tables is not permitted 



Section I
This section has 5 questions. Each question is provided with five alternative answers. Only one of them is correct. Indicate the correct answer by A or B or C or D or E. Order of the questions must be maintained. (5x2=10 Marks)
1. A1A2………..A2000 is a polygon of 2000 sides. P is a point in the plane of the polygon which is equidistant from all the vertices of the polygon. Then 

	A) There is no such P 
	B) There is exactly one such P

	C) Either A or B 
	D) The locus of P is a straight line

	E) The locus of P is a circle
	 


1. Consider the following expressions in a,b,c. 
	    [image: image112.png]=a? + 5 +c? +2ab +2bo +2ca





	   [image: image113.png]=a® +5 +c® +2ab-2bc - 2ca






	     [image: image114.png]=a? +b* +c? - 2ab - 2bc - Zoa





	   [image: image115.png]=a® +5 +c® +2ab+2bc - 2ca







1. The expressions which are not perfect squares among E1,E2,E3 and E4 are 
	A) E1,E3
	B) E2,E3
	C) E2,E4
	D) E1,E4
	E) E3,E4


1. Three angles of a convex polygon measure each  /3 radians. Let n be the number of sides of the polygon. Then 
	A) The hypothesis is not sufficient to evaluate n 

	B) n=3
	C) n=6
	D) n=9
	E) None of these


5. There are n rods, [image: image116.png]


. The ith rod has length 2i units. The number of closed convex polygonal frames that can be made by joining the rods end – to – end is 

	A) 0
	B) n
	C) n!
	D) nn
	E) 2n-1


6. Integers from 1 to 2000 are written. A single operation consists of cancelling any two of the numbers and replacing them by their product. After 1999 such operations 
A) No number will be left 
B) Precisely 2 numbers will be left 
C) More than two numbers may be left 
D) Only one number will be left and it is 2000! 
E) Only one number will be left, but it cannot be uniquely determined 


Section II
This section has 5 questions. Each question is in the form of a statement with a blank. Fill the blank so that the statement is true. Maintain the order of the questions. (5x2=10 Marks)
6. All possible 2000-gons are inscribed in a circle of perimeter p. Let X=[image: image117.png]


 an inscribed polygon has a side of length x.[image: image118.png]


. Then the greatest member of X is ____________ . 

7. [image: image119.png](55....56)* — (44....45F =

n digis ndigis




8. Triangle ABCThe altitude through A has length h. is right angled at A. Then [image: image120.png]


                            
9. p is a prime, n a positive integer and n+p =2000. LCM of n and p is 21879. Then [image: image121.png]


______________ and [image: image122.png]


               . 

10. The units digit of [image: image123.png]7771



is _________. 



Section III
This section has 5 questions. The solutions are short and methods, easily suggested. Very long and tedious solutions may not get full marks. (5x2=10 Marks)
1. Does there exist a right angled triangle with integral sides such that the hypotenuse measures 2000 units of length? 

2. If a,b,c are not all equal and (a+b+c)>0, determine the sign of a3+b3+c3-3abc. 

3. If real numbers x,y,z satisfy [image: image124.png]Y
z x




, then prove that x=y=z 
4. Write down the solutions [image: image125.png](x,y)



of [image: image126.png]xEmrl =



,if x >0 and [image: image127.png]n

I
)y



and [image: image128.png][siny]



denotes the integral part of [image: image129.png]siny




5. Given [image: image130.png]


and a point D in its interior. The problem is to find E on [image: image131.png]A



and F on [image: image132.png]BC



such that D is the mid point of line segment [image: image133.png]


. A student suggests the following method of construction: Join BD and extend it to B’ such that BD = DB’. Draw parallel to [image: image134.png]BC



through B’. Take for E the point where this parallel cuts [image: image135.png]A



. Join ED and produce it to meet [image: image136.png]BC



.Take for F this point of intersection. 

Discuss the validity or otherwise of this method of construction.


Section IV
This section has 5 questions. The solutions involve either slightly longer computations or subtler approaches. Even incomplete solutions may get partial marks. 
6. Consider the equation in positive integers [image: image137.png]52+ % = 2000



with [image: image138.png]X<y



. 
a) Prove that [image: image139.png]31<y<45



. 
b) Rule out the possibility that one of [image: image140.png]Xy



is even and the other is odd.
c) Rule out the possibility that both [image: image141.png]Xy



are odd. 
d) Prove that [image: image142.png]


is a multiple of 4. 
e) Obtain all the solutions. (10 Marks ) 

7. ABCD is a trapezium with AB and CD as parallel sides. The diagonals intersect at O. The area of the triangle ABO is p and that of the triangle CDO is q. Prove that the area of the trapezium is [image: image143.png](V7 +4af



. ( 5 Marks ) 

8. Manipulate the equality 

[image: image144.png]B (be - a*) + P (ca - b)) + aP(ab - *)

= @*B (P - ac) + B - ab) +c%aP (@ - be)




until the equlity [image: image145.png]@+ +?) e +a?) = abe(a +b) (b +o)(c +a)



is obtained ( 5 Marks ) 
6. If a triangle and a convex quadrilateral are drawn on the same base and no part of the quadrilateral is outside the triangle, show that the perimeter of the triangle is greater than the perimeter of the quadrilateral. ( 5 Marks ) 

7. If a line parallel to, but not identical with, x- axis cuts the graph of the curve [image: image146.png]x-1

T e e



at [image: image147.png]


,[image: image148.png]


, then evaluate [image: image149.png](a-1)p-1)



( 5 Marks ) 

 



MATHEMATICS

	Time: Two Hours
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NOTE:-

1. Answers must be written in English or the medium of instruction of the candidate in High school. 

2. Answer to each question should begin on a fresh page, and rough work must be enclosed with answer book. 

3. Attempt all questions. 

4. There is no negative marking. 

5. Answer all parts of a question at one place. 

6. Use of calculators, slide rule, graph paper and logarithmic, trigonometric and statistical tables is not permitted 



Note:- All answers to questions in Section-A, Section-B, Section-C must be supported by mathematical arguments unless explicitly exempted.

SECTION-A

I. This section has Five questions. Each question is provided with five alternative answers. Only one of them is the correct answer. Indicate the correct answer by A,B,C,D,E. Order of the questions must be maintained. (5x2 =10 MARKS)

1.  ABC has integral sides AB, BC measuring 2001 units and 1002 units respectively. The number of such triangles is

	A) 2001 
	B) 2002 
	C) 2003 
	 D) 2004 
	E) 2005 


2. Let m = 2001!, n = 2002 x 2003 x 2004. The LCM of m and n is

	A) m 
	B) 2002m 
	C) 2003m 
	 D) mn 
	E) None  


3. The sides of a right-angled triangle have lengths, which are integers in arithmetic progression. There exists such a triangle with smallest side having length of

	A) 2000 units 
	B)  2001 units
	C) 2002 units 
	 D)2003 units
	E) 1999 units 


4. Let S be any expression of the form [image: image150.png]2001




ek2k, where each ek is varied independently between 1 and –1. The number of expressions S such that S=0 is  

	A) 0 
	B) 1
	C) 2
	 D)22001 units
	E)None 


5. Let a1, a2,….,a2001 be the lengths of the consecutive sides of a convex polygon P1, which is cyclic. Let b1, b2,…., b2001 be a permutation of the numbers a1, a2,…., a2001. Let P2 be a polygon with consecutive sides having lengths b1, b2,…., b2001. Then P2 is cyclic

A.  always
B. only if a1 = b1, a2 = b2,…., a2001 = b2001
C. only if b1, b2,…., b2001 is a cyclic permutation of a1, a2,…., a2001
D. only if the center of the polygon P1 lies in its interior
E. none of these



SECTION-B

II. This section has Five questions. In each question a blank is left. Fill in the blank. (5x2 =10 MARKS) 
1. n is the smallest positive integer such that (2001 + n) is the sum of the cubes of the first m natural numbers. Then m = _________, n = _________.

2. An equilateral triangle is circumscribed to and a square is inscribed in a circle of radius r. The area of the triangle is T and the area of the square is S. Then [image: image151.png]|~



________.

3. The smallest positive integer k such that (2000)(2001)k is a perfect cube is____________.

4. ABCD is a rectangle with AB = 16 units and BC = 12 units. F is a point on [image: image152.png]


and E is a point on [image: image153.png]D



such that AFCE is a rhombus. Then EF measures _________units.

5. n is a positive integer not exceeding 9. The list of all n such that 10 divides nn – n is _____________________.



SECTION-C

III. This section has Five questions. Each question has a short answer. Elegant solutions will be rewarded. (5x2 =10 MARKS)

1. Given a set of ‘n’ rays in a plane, we mean by ‘a reversal’ the operation of reversing precisely one ray and obtaining a new set of ‘n’ rays. Starting from 2001 rays and performing one million reversals, is it possible to reverse all the rays?

2. If x + y+ z = a, prove that x2 + y2 + z2  [image: image154.png]w ]



.

3. Given the locations P, Q, R of the midpoints of AB, BC, CA of a triangle ABC, explain how you will construct triangle ABC. Use only rough sketches and give proof.

4. If for every x > 0 there exists an integer k(x) such that a0 + a1x + a2x2 + ….. + anxn   xk(x) - 1 , then find the value of a0 + a1 + …… + an.

5. We know that we can triangulate any convex polygonal region. Can we ‘parallelogramulate’ a convex region bounded by a 2001-gon?



SECTION-D

IV. This section has Five questions. These questions are long answer questions. Elegant solutions will be rewarded (5x6 =30 MARKS)

1. Solve in positive integers the cubic x3 – (x+1)2 = 2001.

2. The product of two of the roots of x4 – 11x3 + kx2 + 269x – 2001 is –69. Find k.

3. a) AB, BC, CD are the consecutive sides of a cyclic polygon of equal angles. Prove that  BCA   BCD.
b) Deduce that if a cyclic (2n+1)-gon has all its angles equal, then all its sides must be equal.
c) Prove by means of an example that a cyclic 2n-gon need not be equilateral if it is equiangular.

4. If (1+2x)(1+2y) = 3, xy  0, then show that [image: image155.png]




 INCLUDEPICTURE "http://surendranath.tripod.com/Sat/Sat01/Mat/Image12.gif" \* MERGEFORMATINET [image: image156.png]1+8:°
(-2




= [image: image157.png]1+8y
-5



.

5. a)[image: image158.png]


 is the common chord of two intersecting circles. A line through A terminates on one circle at P and on the other at Q. Then prove that [image: image159.png]


is a constant.

b) If two chords of a circle bisect each other prove that the chords must be diameters.

MATHEMATICS

	Time: Two Hours 

(8.30 AM – 10.30 AM)
	Max.Marks:60 


                 

NOTE:-

1. Attempt all questions. 

2. Answer to each question should begin on a fresh page, and rough work must be enclosed with answer book. 

3. There is no negative marking. 

4. Answer all parts of a question at one place. 

5. Use of calculators, slide rule, graph paper and logarithmic, trigonometric and statistical tables is not permitted. 

 

Note:- All answers to questions in Section-A, Section-B, Section-C must be supported by mathematical arguments. In each of these sections order of the parts must be maintained.

SECTION-A

I. This section has Five questions. Each question is provided with five alternative answers. Only one of them is the correct answer. Indicate the correct answer by A,B,C,D,E. (5 2=10 MARKS) 

1. Let m be the l.c.m. of 32002-1 and 32002+1. Then the last digit of m is  

	A) 0
	B) 4
	C) 5 
	D) 8
	 E) none 


Hint: Read off g.c.d. and hence determine the l.c.m.

2. In every cyclic quadrilateral ABCD with AB parallel to CD

	A) AD = BC, AC [image: image160.png]


BD
	B) AD[image: image161.png]


BC, AC [image: image162.png]


BD

	C) AD [image: image163.png]


BC, AC = BD
	 D) AD = BC, AC = BD

	E) none of these
	


3. f,g,h:R[image: image164.png]


R are defined by f(x) = x-1, g(x) = [image: image165.png]


if x[image: image166.png]


-1 h(x) = [image: image167.png]£ 425t -x-2
2 +3x 42



if x[image: image168.png]


-1, x[image: image169.png]


-2 -2 if x = -1 -2 if x = -1 -3 if x = -2 Then f(x) + g(x) – 2.h(x) is

	A) not a polynomial 
	B) a polynomial whose degree is undefined

	C) a polynomial of degree 0 
	D) a polynomial of degree 1

	E) none of these
	


4. A, B are two distinct points on a circle with center C1 and radius r1. [image: image170.png]


also is a chord of a different circle with center C2 and radius r2. S denotes the statement: The arc AB divides the first circle into two parts of equal area.

A) S happens if C1C2 > r2  

B) If S happens then C1C2 > r2

C) If S happens then it is possible that C1C2 = r2

D) If S happens then it is necessary that C1C2 < r2

E) none of these

5. Triangle T1 has vertices at (-3,0), (2,0) and (0,4). Triangle T2 has vertices at (-3,3), (3,5) and (1,-2). Plot all points l[image: image171.png]


m where the line segment l is a side of T1 and the line segment m is a side of T2, whenever l[image: image172.png]


m is a unique point. These points of intersection determine a convex polygon, which is a

	A) triangle 
	B) quadrilateral
	C) pentagon
	D) hexagon
	E) septagon


SECTION-B

 

II. This section has Five questions. In each question a blank is left. Fill in the blank. (5 2=10 MARKS) 

1. The number of integral solutions of the equation x4-y4 = 2002 is _____

2. A,B,C,D are distinct and concyclic. [image: image173.png]


is perpendicular to [image: image174.png]BC



, [image: image175.png]


is perpendicular to [image: image176.png]AC



. [image: image177.png]


intersects [image: image178.png]


in N. The nonobtuse angle enclosed between [image: image179.png]


and [image: image180.png]DN



is _____ in degrees

3. Let m be the 2002-digit number each digit of which is 6. The remainder obtained when m is divided by 2002 is ______

4. If x is a real number Int.x denotes the greatest integer less than or equal to x.

Int.[image: image181.png]


 = __________

5. O is the origin and Pi is a point on the curve x2 + y2 = i2 for any natural number i.

[image: image182.png]


= OPj, where j = _________

SECTION-C

III. This section has Five questions. Each question has a short answer. Elegant solutions will be rewarded. (5 2=10 MARKS)

1. If m is the right most nonzero digit of (n!)4 where n is a positive integer greater than 1, determine the possible values of m.

2. Sketch the graph of the function f(x) = [image: image183.png]


, [image: image184.png]


.

3. [image: image185.png]


ABC is right angled at A. AB=60, AC=80, BC=100 units. D is a point between B and C such that the triangles ADB and ADC have equal perimeters. Determine the length of AD.

4. Do there exist positive integers p, q, r such that [image: image186.png]


?

5. k is a constant, (xi,0) is the mid point of (i-k, 0) and (i+k, 0) for i=1,2,…,2002 then find [image: image187.png]


.

SECTION-D

IV. This section has Five questions. These questions are long answer questions. Elegant solutions will be rewarded. (5 6=30 MARKS)

1. If m and n are natural numbers such that

[image: image188.png]1.1 1 1 1 1 1 1
e —+ + + + +
17 19 23 1979 1983 1985 1997 1999

m_1.1
=4+
n 3 5



.

Prove that 2002 divides m.

2. [image: image189.png]


ABC is right angled at A. Prove that the three mid points of the sides and the foot of the altitude through A are concyclic.

3. Determine all possible finite series in GP with first term 1, common ratio an integer greater than 1 and sum 2002.

4. A convex pentagon ABCDE has the property that the area of each of the five triangles ABC, BCD, CDE, DEA, and EAB is unity. Prove that the area of the pentagon is [image: image190.png]5445




.

5. If a,b,c, are real numbers such that the sum of any two of them is greater than the third and[image: image191.png]S{cla® +b* - %)}



=3abc, then prove that a=b=c.

6. Explain how you will construct a triangle of area equal to the area of a given convex quadrilateral. Use only rough sketches and give proof.

MATHEMATICS 2003

	Time: Two Hours
(8.30 AM – 10.30 AM)
	 Max.Marks:60


1. Attempt all questions. 

2. Answer to each question should begin on a fresh page, and rough work must be enclosed with answer book. 

3. There is no negative marking. 

4. Answer all parts of a question at one place. 

5. Use of calculators, slide rule, graph paper and logarithmic, trigonometric and statistical tables is not permitted. 

 

All answers to questions in Section-A, Section-B, Section-C must be supported by mathematical arguments. In each of these sections order of the parts must be maintained.

 

SECTION-A

I. This section has Five questions. Each question is provided with five alternative answers. Only one of them is the correct answer. Indicate the correct answer by A,B,C,D,E.      (5×2=10 MARKS) 

1. C is a circle with radius r. C1, C2, C3, ....... C2003 are unit circles placed along the circumference of C touching C externally. Also the pairs C1, C2; C2, C3; ........ C2002, C2003; C2003, C1 touch. Then r is equal to
A) [image: image192.png]Co \ec‘ Boo3l




B) [image: image193.png]sec‘\ 2003 J




C) [image: image194.png]



D) [image: image195.png]



E) None of these

2. If n is a natural number, then [image: image196.png]/ N \
2003 +% | +| :0044%



is a positive integer

A) when n is even B) when n is odd C) only when n = 117 or n = 119 D) only when n = 1 or n = 3 E) none of these

3. The line segment [image: image197.png]


is completely external to a fixed circle S. A variable circle C through A, B moves such that it intersects S in distinct points P and Q. In one position of C, [image: image198.png]


is parallel to [image: image199.png]


. Then
A) there is precisely one more position of C such that [image: image200.png]


is parallel to [image: image201.png]



B) [image: image202.png]


is parallel to [image: image203.png]


for infinitely many position of C and [image: image204.png]


intersects [image: image205.png]


for infinitely many positions of C.
C) [image: image206.png]


is parallel to [image: image207.png]


for all positions of C.
D) the hypothesis is wrong because there cannot be any position of C such that [image: image208.png]


is parallel to [image: image209.png]


E) None of these

4. f(x) is a polynomial of degree 2003. g(x) = f(x + 1) – f(x). Then g(x) is a polynomial of degree m, where
A) m = 2003 B) m = 2002 C) m cannot be uniquely determined, but [image: image210.png]0=m=2002




D) m may be undefined in some cases E) none of these

5.  PQR is the midpoint triangle of  ABC. Then both the triangles
A) have the same circumcentre B) have the same orthocenter
C) have the same centroid
D) are such that the circumcentre of the smaller triangle is the incentre of the bigger triangle
E) None of these

 

SECTION-B

II. This section has Five questions. In each question a blank is left. 

Fill in the blank. (5×2=10 MARKS)

1. (m, n) is a pair of positive integers such that i) m < n, ii) their gcd is 2003, iii) m, n are both 4-digit numbers. The number of such ordered pairs is ________

2. In a triangle ABC, AB = 12, BC = 18, CA = 25. A semicircle is inscribed in  ABC such that the diameter of the semicircle lies on [image: image211.png]AC



. If O is the centre of teh circle, then the length AO = ___

3. If x is the recurring decimal 0.037, then x1/3 is the recurring decimal _____

4. The diagonals of a quadrilateral ABCD intersect in the point O. AO = OC. P is the midpoint of BD. Then  APB +  APD -  BPC -  DPC = _______
5. If x is any real number, then Int x stands for the unique integer n satisfying [image: image212.png]Xx-l<n<x



and Fr x stands for (x – Int x). If m is a positive integer, then [image: image213.png]


= ______

 

SECTION-C

III. (4×2=8 MARKS)

1. Solve in positive integers m,n the equation 23m+1 + 32n + 5m + 5n = 2003

2. Given locations P, Q, R of the points of contact of the sides of a triangle ABC with its incircle, describe the procedure to construct triangle ABC.

3. The solution set of the inequation [image: image214.png]a® tbite
—x+1



is {x / x is real and [image: image215.png]


}. Determine a : b : c.

4. ABCD is a cyclic quadrilateral. [image: image216.png]


bisects [image: image217.png]AC



. AB = 10, AD = 12, DC = 11, Determine BC.

SECTION-D

IV. (3×4=12 MARKS)

1. To each of the first two of the 4 numbers 1, 19, 203, 2003 is added x and to each of the last two y. The numbers form a G.P. Find all such ordered pairs (x, y) of real numbers.

2. Show that the 4 points A, Q, X, R are concyclic in the following figure.

[image: image218.png]



3. Factorize a(b2 + c2 – a2) + b(c2 + a2 – b2) + c(a2 + b2 – c2) – 2abc.

SECTION-E

(2×6=12 MARKS)

1.  is a plane. O is the origin. k > 0. [image: image219.png]


is called a k-stretch of the plane if fk(O) = 0 and for every [image: image220.png]


fk(A) is B where [image: image221.png]


and OB = k.OA. P, Q are two points on the unit circle with origin as centre and PQ = 1. The plane is subjected alternatively to a 1/2-stretch and a 3-stretch, starting from the former. P and Q are transformed to P2003, Q2003 respectively at the end of the 2003rd stretch. Determine the distance P2003 Q2003.

2. [image: image222.png]f(x):{ x+:m+w—:m§z




Determine the domain of f(x), in other words, determine the set of all real x for which f(x) is a real number. Sketch the graph of the function y = f(x). Determine from the graph the area of the region enclosed between the liens y = 0, x = 1 and x = 3 and the curve y = f(x).

SECTION-F

(1× 8=8 MARKS)

1. a and b are both 4-digit numbers a > b and one is obtained from the other by reversing the digits. Determine b if [image: image223.png]



MATHEMATICS-2004

	Time: Two Hours
(8.30 AM – 10.30 AM)
	 Max. Marks: 60 


NOTE:-

1. Attempt all questions. 

2. Answer to each question under Sections D, E should begin on a fresh page and rough work must be enclosed with answer book. 

3. While answering, refer to a question by its serial number as well as section heading (eg. Q2/Sec.E) 

4. There is no negative marking. 

5. Answer each of Sections A, B, C at one place. 

6. Elegant solutions will be rewarded. 

7. Use of calculators, slide rule, graph paper and logarithmic, trigonometric and statistical tables is not permitted. 

Note:- All answers to questions in Section-A, Section-B, Section-C must be supported by mathematical arguments. In each of these sections order of the questions must be maintained.

SECTION-A

This section has Five Questions. Each question is provided with five alternative answers. Only one of them is the correct answer. Indicate the correct answer by A, B, C, D, E. (5x2=10 MARKS)

1. A lattice point is a point (x, y) in the plane such that x and y are integers. The number of rectangles with corners at lattice points, sides parallel to the axes, and center at the origin which have precisely 2004 lattice points on all of its sides put together is 

	A) 0
	B) 501
	C) 499
	D) 500
	E) 2004


2. The number of positive integers which divide 2004 to leave a remainder of 24 is 

	A) 36
	B) 20
	C) 22
	D) 21
	E) 34


3. ABCD is a parallelogram. [image: image224.png]D’



is parallel to AB, with [image: image225.png]


and [image: image226.png]


in the interior of [image: image227.png]AD and BC



respectively. Then
A) AC < [image: image228.png]


is possible if [image: image229.png]


is acute
B) AC < [image: image230.png]


is possible if [image: image231.png]


is right
C) AC < [image: image232.png]


whenever [image: image233.png]


is obtuse
D) AC [image: image234.png]




 INCLUDEPICTURE "http://surendranath.tripod.com/Sat/Sat04/Mat/Image35.gif" \* MERGEFORMATINET [image: image235.png]


whenever [image: image236.png]


is obtuse
E) none of these 

4. a, b, c, d are real constants, x a real variable. Real numbers p and q exist such that p(ax+b) + q(cx+d) = ex+f 

A. for every pair of reals (e, f) 

B. for every pair of reals (e, f), if they exist for one pair of reals (e, f) 

C. for every pair of reals (e, f), if they exist uniquely for one pair of reals (e, f) 

D. for no pair of reals (e, f), if they do not exist for some pair of reals (e, f) 

E. none of these 

5. By a chord of the curve y = x3 we mean any line joining two distinct points on it. The number of chords which have slope –1 is 

	A) infinite
	B) 0
	C) 1
	D) 2
	E) None


6.   

SECTION-B

This section has Five Questions. In each question a blank is left. Fill in the blank. (5x2=10 MARKS)

1. The descending A.P. of 4 distinct positive integers with greatest possible last term and sum 2004 is __________

2. The radii of circles C1, C2, …., C2004 are respectively r1, r2, …., r2004. If r1 = 1 and ri = ri-1 + 1 for i = 2, 3,…..,2004, then r2004 = _________

3. f(n) = [image: image237.png]4" -4
FEE



for every integer n. p and q are integers such that p>q. The sign of f(p) – f(q) is _______

4. M1 is the initial point of a ray in a plane. Mi, for i [image: image238.png]


{2, 3, ….,2004}, are points on the ray such that M1M2 = M2M3 = M3M4 = … = M2003M2004. M1 is (a,b) and M2004 is (c, d). If sx and sy are respectively the sum of all x-coordinates and the sum of all y-coordinates of Mi for i [image: image239.png]


{1, 2, 3,….,2004}, then (sx, sy) = ______

5. The number of 2-element sets of nonunit positive integers such that their g.c.d. is 1 and l.c.m. is 2004 is ________

SECTION-C

	(4x2=8 MARKS)


1. Solve in positive integers x and y the equation x2 + y2 + 155(x+y)+2xy = 2004.

2. [image: image240.png]ABand BC



are distinct lines. P is a point in the plane ABC and P [image: image241.png]


B. Explain how to draw a line through P such that if the line intersects [image: image242.png]AB inQand BCinR



, then BQ = BR.

3. Prove that there is no polynomial f(x) with integral coefficients such that f(1) = 2001 and f(3) = 2004.

4. [image: image243.png]


ABC is right angled at B. A square is constructed on [image: image244.png]AC



on the side of [image: image245.png]AC



opposite to that of B. P is the center of the square. Prove that [image: image246.png]



SECTION-D

	(5x4=20 MARKS)


1. Evaluate [image: image247.png]2004

> vl



, where [x] denotes the integral part of x.

2. ABCD is a line segment trisected by the points B, C; P is any point on the circle whose diameter is [image: image248.png]


. If the angles APB and CPD are respectively [image: image249.png]a, f



, evaluate tan[image: image250.png]atanf



.

3. Solve the system of equations in positive integers x, y, z:x2-y2+z2 = 2004, x + y – z = 48, xy – yz - zx = 125

4. a and b are positive reals and [image: image251.png]


a line segment in a plane. For how many distinct points C in the plane will it happen that for triangle ABC, the median and the altitude through C have lengths a and b respectively?

5. Prove by induction that [image: image252.png]o2
to n terms =
P

o L ee 2 )1
12.3) \34)





SECTION-E

	(2x6=12 MARKS)


1. Find x if x+y+z+t = 1
x+3y+9z+27t = 81
x+4y+16z+64t = 256
x+167y+1672z+1673t = 1674
Hint: Avoid successive elimination of variables.

2. The perimeter of a triangle is 2004. One side of the triangle is 21 times the other. The shortest side is of integral length. Solve for lengths of the sides of the triangle in every possible case. 

 --------------


----------
	 

	MATHEMATICS
Time: Two Hours 
(8.30 AM – 10.30 AM)
Max.Marks: 60
NOTE:-
1. Attempt all questions. 

2. Rough work must be enclosed with answer book. 

3. While answering, refer to a question by its serial number as well as section heading. (eg.Q2/Sec.A) 

4. There is no negative marking. 

5. Answer each of Sections A, B, C at one place. 

6. Elegant solutions will be rewarded. 

7. Use of calculators, slide rule, graph paper and logarithmic, trigonometric and statistical tables is not permitted. 

Note:- All answers to questions in Section-A, Section-B and Section-C must be supported by mathematical arguments. In each of these sections order of the questions must be maintained.

SECTION-A
This section has Six Questions. Each question is provided with five alternative answers. Only one of them is the correct answer. Indicate the correct answer by A, B, C, D, E.
(6x2=12 MARKS)

1. Real numbers x1, x2, …., x2007 are chosen such that (x1, x2), (x2, x3), …., (x2006, x2007) are all points on the graph of y = [image: image293.png]



A) Such a choice is possible for all real x1 [image: image294.png]


1
B) In every choice x1, x2, …, x2007 are all distinct
C) There are infinitely many choices in which all xi’s are equal
D) There exists a choice in which the product x2.x3…..x2007 = 0
E) None of these

2. The consecutive sides of an equiangular hexagon measure x, y, 2, 2006, 3, 2007 units 

A) The hypothesis never takes place
B) The greatest side measures 2007 units and the smallest 2
C) The greatest side measures 2007 units, but the smallest x
D) The greatest side measures y units, but the smallest 2
E) The smallest side measures x units, the greatest y

3. ABCD is a convex quadrilateral 

A) A circle can always be circumscribed to it
B) A circle can never be circumscribed to it
C) A circle can always be inscribed in it
D) A circle can never be inscribed in it
E) None of these

 

4. A lattice point in a plane is one both of whose coordinates are integers. Let O be ([image: image295.png]


, 1) and P any given lattice point. Then the number of lattice points Q, distinct from P, such that OP = OQ is 

A) 0     B) 1    C) not necessarily 0, not necessarily 1, but either 0 or 1    D) infinitely many     E) none of these

   

5. i) f(x, y) is the polynomial f0(x)y2007 + f1(x)y2006 + f2(x)y2005 + ….+ f2006(x)y + f2007(x), where each fi(x) is a polynomial in x with real coefficients, and ii) (x-[image: image296.png]


) is a factor of f(x, y), where [image: image297.png]


is a real number. Then

A) there exists a f(x, y) such that fi(x) = x2 + 1 for some i [image: image298.png]


{ 0, 1, 2, …, 2007}
B) there exists a f(x, y) such that fi(x) = x - [image: image299.png]


+ 1 for some i [image: image300.png]


{ 0, 1, 2, …, 2007}
C) there exists a f(x, y) such that fi(x) = (x-[image: image301.png]


)2006 + 1 for some i [image: image302.png]


{ 0, 1, 2, …, 2007}
D) there exists a f(x, y) such that f0(x) = x2 –(2[image: image303.png]


+1)x + ([image: image304.png]


2+ [image: image305.png]


)
E) none of these

6. (b-c)(x-a)(y-a) + (c-a)(x-b)(y-b) + (a-b)(x-c)(y-c) is 

A) independent of x, but not of y     B) independent of y, but not of x
C) independent of both x and y     D) independent neither of x, nor of y
E) independent of x only if not independent of y

SECTION-B

This section has Six Questions. In each question a blank is left. Fill in the blank.

(6x2=12 MARKS)

1. For the purpose of this question, a square is considered a kind of rectangle. Given the rectangle with vertices (0, 0), (0, 223), (9, 223), (9, 0), divided into 2007 unit squares by horizontal and vertical lines. By cutting off a rectangle from the given rectangle, we mean making cuts along horizontal and (or) vertical lines to produce a smaller rectangle. Let m be the smallest positive integer such that a rectangle of area ‘m’ cannot be cut off from the given rectangle. Then m = _________

2. A line has an acute angled inclination and does not pass through the origin. If it makes intercepts a and b on x-, y-axes respectively, then [image: image306.png]lab] _



_________

3. If k is a positive integer, let Dk denote the ultimate sum of digits of k. That is, if k is a digit, then Dk = k. If not, take the sum of digits of k. If this sum is not a single digit, take the sum of its digits. Continue this process until you obtain a single digit number. By Dk we mean this single digit number. {Dp / p is a positive multiple of 2007} = _________, in roster form.

4. The digits of a positive integer m can be rearranged to form the positive integer n such that m+n is the 2007-digited number, each digit of which is 9. The number of such positive integers m is ________.

5. [image: image307.png]


and [image: image308.png]CcD



are chords of a circle such that [image: image309.png]


and [image: image310.png]DC



intersect in a point E outside the circle. F is a point on the minor arc BD such that [image: image311.png]


FAB = 220, [image: image312.png]


FCD = 180. Then [image: image313.png]


AEC + [image: image314.png]


AFC = _________.

6. The quadratic ax2 + bx + a = 0 has a positive coincident root [image: image315.png]


. Then [image: image316.png]


= _________.

SECTION-C

(6x2=12 MARKS)

1. Explain a way of subdividing a 102 X 102 square into 2007 non-overlapping squares of integral sides.

2. ABC is a triangle. Explain how you inscribe a rhombus BDEF in the triangle such that D [image: image317.png]




 INCLUDEPICTURE "http://surendranath.tripod.com/Sat/Sat07/Mat/Image67.gif" \* MERGEFORMATINET [image: image318.png]BC



, E [image: image319.png]




 INCLUDEPICTURE "http://surendranath.tripod.com/Sat/Sat07/Mat/Image69.gif" \* MERGEFORMATINET [image: image320.png]C4



and F [image: image321.png]




 INCLUDEPICTURE "http://surendranath.tripod.com/Sat/Sat07/Mat/Image71.gif" \* MERGEFORMATINET [image: image322.png]


.

3. Equilateral triangle [image: image323.png]


ABC has centroid G. A1, B1, C1 are points on [image: image324.png]


such that [image: image325.png]AIBI



, [image: image326.png]


, [image: image327.png]


are respectively parallel to [image: image328.png]


, [image: image329.png]BC



,  If the distance between [image: image330.png]BC



and [image: image331.png]


is one-sixth of the altitude of [image: image332.png]


ABC, determine the ratio of areas [image: image333.png]AAIBICI
A4BC



.

4. P(x) is a polynomial in x with real coefficients. Given that the polynomial P2(x) + (9x-2007)2 has a real root [image: image334.png]


, determine [image: image335.png]


and also the multiplicity of [image: image336.png]


.

5. Find the homogeneous function of 2nd degree in x, y, which shall vanish when x = y and also when x=4, y=3 and have value 2 when x = 2, y = 1.

6. If 3yz + 2y + z + 1 = 0 and 3zx + 2z + x + 1 = 0, then prove that 3xy + 2x + y + 1 = 0.

 
SECTION-D
(6x4=24 MARKS)

1. x3 is the 753rd AM of 2007 AM’s inserted between x1 and x2. y3 is the 753rd AM of 2007 AM’s inserted between y1 and y2. Show that A(x1, y1), P(x3, y3), B(x2, y2) are collinear. Determine also the ratio AP : PB.

2. Lines l and m intersect in O. Explain how you will construct a triangle OPQ such that P [image: image337.png]


l, Q[image: image338.png]


m, [image: image339.png]OP



and [image: image340.png]


are equal in length and [image: image341.png]


is of given length ‘a’.

3. i) [image: image342.png]


ABC = 1200. ii) [image: image343.png]


ACD is equilateral, iii) B and D are on opposite sides of [image: image344.png]AC



. Prove that a) [image: image345.png]


bisects [image: image346.png]


ABC and b) [image: image347.png]


is in length equal to the sum of lengths of [image: image348.png]


and [image: image349.png]BC



.

4. a1, a2, …, a2007 are 1, 2, …, 2007 in some order. If x is the greatest of 1.a1, 2.a2, …, 2007.a2007, prove that x [image: image350.png]


(1004)2.

5. Prove that for all integers n [image: image351.png]


2, 2n-1 ( 3n + 4n ) > 7n.

6. Resolve x8 + y8 into real quadratic factors.


	MATHEMATICS
Time: Two Hours
(8.30 AM – 10.30 AM)
 Max.Marks: 60
 
 
NOTE:-
 
1. Attempt all questions. 

2. Rough work must be enclosed with answer book. 

3. While answering, refer to a question by its serial number as well as section heading. (eg.Q2/Sec.A) 

4. There is no negative marking. 

5. Answer each of Sections A, B, C at one place. 

6. Elegant solutions will be rewarded. 

7. Use of calculators, slide rule, graph paper and logarithmic, trigonometric and statistical tables is not permitted. 
 

Note:- All answers to questions in Section-A, Section-B and Section-C must be supported by mathematical arguments. In each of these sections order of the questions must be maintained.

 

SECTION-A
 
This section has Six Questions. Each question is provided with five alternative answers. Only one of them is the correct answer. Indicate the correct answer by A, B, C, D, E.(6x2=12 MARKS)

1. Let A= {1, 2, 3, …., 2008}, B = {1, 2, 3, ….., 1004}. [ ]
A) There can be infinitely many functions from A to B
B) There can not be an onto function from A to B
C) There can be at least one one-one function from A to B
D) There can be infinitely many onto functions from A to B
E) None of these

2. The number of equiangular octagons fixing 6 consecutive sides is [ ]
A) Infinitely many
B) exactly 8
C) at most 8
D) 0
E) None of these

3. All the numbers between 1947 and 2008 are written, including 1947 and 2008. From the list, all the multiples of 3 and 5 are struck off. The sum of the remaining numbers is [ ]

A) 41517

B) 73137

C) 73138

D) 65247

 E) 65248

4. A square ABCD is inscribed in a quarter circle where B is on the circumference of the circle and D is the center of the circle. The length of diagonal AC of the square, if the circle’s radius is 5, is [ ]

A) 5[image: image352.png]


/4

 B) 5[image: image353.png]


/2

C) 5

D) 5[image: image354.png]



E)The length cannot be determined.

5. 50 x 50 x 50 x … (where there are a hundred 50s) is how many times 100 x100 x 100 x … (where there are fifty 100s)? [ ]
A) 25 x 25 x 25 x …(where there are fifty 25s)
B) 4 x 4 x 4 x … (where there are fifty 4s)
C) 2 x 2 x 2 x … (where there are fifty 2s)
D) 1 time
E) None of these

6. a, b are positive integers. A is the set of all divisors of ‘a’ except for ‘a’. B is the set of all divisors of ‘b’. If A = B then which of the following is a wrong statement? [ ]
A) a[image: image355.png]


b
B) a is a multiple of b
C) b is a not a multiple of a
D) a/b is a prime number
E) none of these

 

SECTION-B
This section has Six Questions. In each question a blank is left. Fill in the blank.
(6x2=12 MARKS)

1. The domain of the real function f(x) = [image: image356.png]


is __________

2. The number of points P strictly lying inside an equilateral triangle ABC such that the sum of the perpendicular distances from P to the three sides of the triangle is minimum is________

3. Positive integers a, b are such that both are relatively prime and less than or equal to 2008, a2 + b2 is a perfect square and that b has the same digits as a in the reverse order. The number of such ordered pairs (a, b) is _________

4. Let ABCD be a square. E, F, G, H be the mid points of its sides [image: image357.png]


, [image: image358.png]BC



, [image: image359.png]CcD



, [image: image360.png]


respectively. Let P, Q, R, S be the points of intersection of the line segments [image: image361.png]


, [image: image362.png]BG



, [image: image363.png]CH



, [image: image364.png]


inside the square. The ratio of the areas[image: image365.png]


PQRS : [image: image366.png]


ABCD is _________

5. The number of elements in the set {(a, b, c) : a, b, c are three consecutive integers in some order, a + b + c = abc} is __________

6. The sum of all positive integers for which the quotient and remainder are equal if the number is divided by 2008 is __________

 

SECTION-C

(6x2=12 MARKS)

1. Is y a real function of x in the equation |y+2008| = x2 + 2?

2. The people living on Street ‘S’ of Y-City all decide to buy new house numbers so they line up at the only Hardware store in order of their addresses: 1, 2, 3, ... If the store has 100 of each digit, what is the first address that won't be able to buy the digits for its house number?

3. Let ABCD be a quadrilateral such that AB is perpendicular to BC, AD is perpendicular to BD and AB=BC, BD = a, AD = c, CD = x. Find x in terms of a and c.

4. For what pair wise different positive integers is the value of [image: image367.png]a b c d
ittt
a+1 b+1 c+1 d+1



an integer?

5. Side AB of rectangle ABCD is 2 units long and side AD is 3 units. E is a point on the line AC such that C is the mid point of the line segment AE. What is the length of line segment BE?

6. How many number of integers are there between 2008 and 2,00,82,008 including 2008 and 2,00,82,008 such that the sum of the digits in the square is 42?

SECTION-D
(6x4=24 MARKS)

 
1. Let S = {1, 2, 3, …., 2008}. Find the number of elements in the set {(A, B) : AUB = S}

2. A square is drawn in side a triangle with sides 3, 4 and 5 such that one corner of the square touches the side 3 of the triangle, another corner touches the side 4 of the triangle, and the base of the square rests on the longest side of the triangle. What is the side of the square?

3. State and prove the test of divisibility of a positive integer ‘a’ by 11.

4. A square cake 6" x 6" and 3" tall was cut into four pieces of equal volume as shown in the figure. Determine how far in from the side of the cake the cuts should be made? (i.e., x = ?)

[image: image368.png]Cake

Picce I Ix
Piece I

N Piece I
Piece IV

I





5. Solve the following simultaneous equations for a and b:

[image: image369.png]ava + b =183



,

[image: image370.png]avb + bya =182




6. f and g are two real variable real valued functions defined by

f(x) = [image: image371.png]x+2, if x=20
2x-3,if x<0



, g(x) = [image: image372.png]3x+7,if x22
x-1 if-2<x<2
x+Lif x<-2



. Find gof.

 


