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DISCRETE MATHEMATICS
PART – A
               UNIT – I 
1.   Write down the two propositions P and Q for which Q
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 P is   

         true but  P
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Q is false.

    Sol.   When Q is false and P is true, we get Q
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 P is true and P
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Q is  

              false. 

               P : New Delhi is capital of India

              Q : 4 is an odd number.
    2.     State the truth value of “If tigers have wings then the earth  

            travels round the sun”.

   Sol.    Let  P : Tigers have wings have truth value F

                    Q : The earth travels round the sun have truth value T

                   Therefore, P
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Q  has the truth value T.
   3.     Construct truth table for  (P
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   4.     Prove that (P
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   Sol.   
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Q) is a contradiction.
   5.     Give an example of tautology and contradiction.

   Sol.   P
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(7P) is a tautology  and  P
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(7P) is a contradiction.

   6.     Prove that 7(P
[image: image29.wmf]Ú

Q)
[image: image30.wmf]«

 7P
[image: image31.wmf]Ù

7Q  is a tautology.

   Sol.   
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(2) are all true,  7(P
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7Q  is a tautology. 
   7.     Prove that P
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(2) are all true, it is tautology.
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   8.     Prove that P
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   Sol.   P
[image: image57.wmf]®

(Q
[image: image58.wmf]®

R)  
[image: image59.wmf]Û

P
[image: image60.wmf]®

(7Q
[image: image61.wmf]Ú

R)

                                 
[image: image62.wmf]Û

7P
[image: image63.wmf]Ú

(7Q
[image: image64.wmf]Ú

R)

                                 
[image: image65.wmf]Û

(7P
[image: image66.wmf]Ú

7Q) 
[image: image67.wmf]Ú

R

                                 
[image: image68.wmf]Û

7(P
[image: image69.wmf]Ù

Q) 
[image: image70.wmf]Ú

R

                                 
[image: image71.wmf]Û

(P
[image: image72.wmf]Ù

Q) 
[image: image73.wmf]®

 R.

   9.     Find the converse and contrapositive of the implication “If it is 

            raining then I get wet.”

   Sol.   Let P : It is raining     and   Q : I get wet

              Then the given statement is P
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Q .

              The converse of  P
[image: image75.wmf]®

Q is Q
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   10.    Prove that 7Q 
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   Sol.   Assume 7Q 
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                 (i.e) Both 7Q and P
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Q is true

                        If 7Q is true then Q is false.

                    and P
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Q is true, when P is false and Q is false.

                                     (i.e) P is false

                                      Hence 7P is true.
   11.    Define functionally complete set of connectives and give an 

            example.

   Sol.   A set of connectives in which every formula can be expressed in 

             terms of an equivalent formula containing the connectives from  

             this set is called functionally complete set of connectives.

                Eg : P
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   12.   Show that 
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   Sol.   Consider the statement 7P.

            7P cannot be expressed using the connectives 
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   13.    Show that 
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   Sol.   We can express 7, 
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   14.    Show that 
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   Sol.   We can express 7, 
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   15.    Define Principal disjunctive normal form.

   Sol.   For a given formula, an equivalent formula consisting of 

            disjunction of minterms only is known as Principal disjunctive 

            normal form.

   16.    Define Principal conjunctive normal form.

   Sol.   For a given formula, an equivalent formula consisting of 

            conjunction of maxterms only is known as Principal conjunctive 

            normal form.

   17.    Define the two rules of inference for statement calculus.

   Sol.   Rule P :   A premise can be introduced at any point in the 

                            derivation.

            Rule T :  A formula S can be introduced in a derivation if S is 

                           tautologically implied by any one or more of the  

                           preceding formulas in the derivation. 

   18.    When the set of premises 
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             inconsistent.

   Sol.    The set of premises 
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 are said to be 

             inconsistent provided their conjunction implies a contradiction.
   19.    Show that 7Q, P
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   Sol.   Argument
                   1.  7Q           Rule P

                   2.  P
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                   3. 7Q 
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                   4. 7P             Rule T ( From 1,3)

   20.    Show that 7(P
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                   1.  7(7(P
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                   4.  7P
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7Q             Rule P

                   5.  7P                       Rule T

                   6.  P
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7P                Rule T

                       which is a contradiction.

   21.     Symbolize the statement: “If Vani attends classes regularly and 

             if either she is attentive in the class or studies well then she gets  

             the top grade.”

  Sol.     Let P: Vani attends classes regularly.

                   Q: She is attentive in the class

                   R: She studies well

                   S: She gets the top grade.

                 The given statement can be written as P
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22. Show that 7(P
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23. Express the premises in symbols for the following argument:

               If I like mathematics, then I will study. Either I study or 

          fail.Therefore, if I fail then I do not like mathematics.

Sol.    Let P: I like mathematics,  Q: I will study,  R: I fail

             The given premises are  P
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24. Find PCNF of  P
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25. Prove that P
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26. Define Tautology.

Sol.    A statement formula which is True regardless of the truth values 

          of the statements which replace the variables in it is called a 

          Tautology.

          (i.e) The proposition P(P1,P2,……) is a tautology if it 

          contains only T in the last column of its truth values.

27. Define Contradiction.

Sol.    A statement formula which isFalse regardless of the truth values 

          of the statements which replace the variables in it is called a 

          Contradiction.

          (i.e) The proposition P(P1,P2,……) is a contradiction if it 

          contains only F in the last column of its truth values.

28. Test whether the following formula P 
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                     Hence  P 
[image: image268.wmf]®

(Q 
[image: image269.wmf]®

P) is a tautology.

29. Show that 7(P
[image: image270.wmf]­

Q) 
[image: image271.wmf]Û

7P
[image: image272.wmf]¯

7Q

Sol.    7(P
[image: image273.wmf]­

Q) 
[image: image274.wmf]Û

7[7(P
[image: image275.wmf]Ù

Q)]

                        
[image: image276.wmf]Û

7[7P
[image: image277.wmf]Ú

7Q]

                        
[image: image278.wmf]Û

7P
[image: image279.wmf]¯

7Q.
30.    Establish  P
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31.   Make a truth table for the statement  
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32. Express the biconditional  P
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33. If  P, Q, R are statement variables, Prove that  

         P
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34. Prove that whenever A
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35. Write the negation of the statement below:

‘If there is a will, then there is a way’.

   Sol.  Let P: There is a will ;     Q: There is a way.

            Then the negation of the given statement (P
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Q) can be written as

              7(P
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36. Obtain the DNF for the formula (P
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(Q
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Sol.     (P
[image: image368.wmf]Ù

(Q
[image: image369.wmf]®

R))
[image: image370.wmf]®

R 
[image: image371.wmf]Û

 [P
[image: image372.wmf]Ù

(7Q
[image: image373.wmf]Ú

R)] 
[image: image374.wmf]®

R
                                        
[image: image375.wmf]Û

 7[P
[image: image376.wmf]Ù

(7Q
[image: image377.wmf]Ú

R)] 
[image: image378.wmf]Ú

R

                                        
[image: image379.wmf]Û

 7P
[image: image380.wmf]Ú

7(7Q
[image: image381.wmf]Ú

R) 
[image: image382.wmf]Ú

R

                                        
[image: image383.wmf]Û

 7P
[image: image384.wmf]Ú

(Q
[image: image385.wmf]Ù

7R)
[image: image386.wmf]Ú

R.

37. Obtain PDNF for ~ P
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Sol.  ~ P
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38. Write the dual of (P
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Sol.  The dual of  (P
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39. Does Q
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Sol.  Assume P
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 P is True and Q is False.

                    (i.e.) Q is False
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                           (OR)

         We have to prove Q
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40. Express the statement “Good food is not cheap” in symbolic form.

Sol.  Let P: Food is good

              Q: Food is cheap

         Then the given statement is P
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7Q. 

41. Write an equivalent formula for P
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R) which contains neither the biconditional nor the conditional.

Sol.  P
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42. What is duality law of logical expression? Give the dual of 

         (P
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Sol.  In the expression A replace 
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43. If the premises P, Q and R are inconsistent Prove that 7R is a conclusion from P and Q.

Sol.  Given that P
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Q
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         To prove that P
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         Assume that P
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Q is true. To show that 7R is true.

           If 7R is false, R must be true.

           Hence P
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Q
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R is true.

         By hypothesis this cannot happen, hence 7R is true.
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44. Prove by truth tables that  7(P
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Sol.   
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45. What are the possible truth values of an atomic statement.

   Sol.  The truth value of an atomic statement is true, denoted by T, if it is a true 

       proposition and false, denoted by F, if it is a false proposition.

46. Express the statement “ The crop will be destroyed if there is a flood ” in symbolic form.

   Sol.   Let  P: There is a flood

               Q: The crop will be destroyed

        The given statement can be written as P
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Q.

47. How many rows are needed for the truth value of the formula

       (p
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 t) ?

   Sol.  32 rows.

48. Say Yes or No

       (a)The negative of a conditional statement is also a conditional statement.

       (b) A tautology implies only a tautology.

   Sol.   (a)  No

            (b) Yes
49. Prove that the statements “ P
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50. Write the following statements in symbols using logical connectives

       “ It is either hot or cold but it is not cold if it is hot ”.

   Sol.   Let P: It is hot

              Q: It is cold

         The given statement is  (P
[image: image532.wmf]Ú

Q)
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(P
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7Q).

51. Write the converse and contra-positive of the conditional statement:

       If you obey the traffic rules, then you will not be fined.

   Sol.    Let P: You obey the traffic rules

               Q: You will not be fined.

          The given statement is P
[image: image535.wmf]®

Q.

        Converse:  Q
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P. If you will not be fined then you obey traffic rules Contra-positive: 7Q
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7P.  If you will be fined then you do not obey traffic rules.
1. Define Predicate Calculus

Sol.  The logic based upon the analysis of predicates of any statement is called Predicate logic (or) Predicate calculus.

2. Define simple statement function with an example

Sol.  It is defined to be an expression consisting of a predicate symbol and an individual variable.

        Ex: Let B be the predicate “is a Bachelor” and j the name “Mr.John”, 
c “Mr. Chandran” and s “Mr. Senthil”, then B(j), B(c) and B(s) are all simple statement function.

3. Define compound statement function with an example

Sol.  It is obtained by combining one or more simple statement function with logical connectives. 

Ex: M(x) 
[image: image538.wmf]Ù

H(x), M(x) 
[image: image539.wmf]Ú

H(x), M(x) 
[image: image540.wmf]®

H(x), 7H(x), etc.

4. Define Universal Quantifier with an example

Sol.  The Quantifiers which are introduced to symbolize expressions such as “for all”, “every” and “for any” is called Universal Quantifier.

Ex:  All roses are red. (i.e) If x is rose then x is red. 

Let A(x): x is rose, B(x): x is red.

Then the statement “All roses are red” can be written as “For all x, if x is a rose then x is red” and it is (
[image: image541.wmf]"

x)[A(x)
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B(x)]   or   (x) [A(x)
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B(x)]

5. Define Existential Quantifier with an example

Sol.  The Quantifiers which are introduced to symbolize expressions such as “for some”, “there is at least one” and “there exists some” is called Existential Quantifier.

        Ex: Some men are clever.

        
Let M(x): x is a man

               C(x): x is clever

Then the statement “Some men are clever” can be written as “There exists some x such that x is a man and x is clever” and it is  (
[image: image544.wmf]$

x) [M(x) 
[image: image545.wmf]Ù

C(x)]

6. Write the following statement in the symbolic form “Some monkeys have no tails”

    Sol.  Let M(x): x is a monkey

                   T(x):  x has a tail

The given statement can be written as “There is an x such that x is a monkey and x has no tail” and it is (
[image: image546.wmf]$

x) [M(x) 
[image: image547.wmf]Ù

7 T(x)].

7. Write the following statement in the symbolic form

“It is not true that all roads lead to Rome”

    Sol.  Let R(x): x is a road

                   L(x): x lead to Rome

The given statement can be written as “It is not true that for all x if x is a road then x leads to Rome”  or “ There is an x such that x is a road and x does not lead to Rome” and it is  

      7(
[image: image548.wmf]"

x) [R(x)
[image: image549.wmf]®

L(x)]     (or)   (
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x) [R(x)
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7 L(x)].

8. Symbolize : “For any x and for any y , if x is taller than y then y is not taller than x”

Sol.  Let T(x, y) : x is taller than y. 

The given statement can be written as “For any x and for any y, if x is taller than y then it is not true that y is taller than x” and it is  
         (
[image: image552.wmf]"

x) (
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y)[T(x, y) 
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7 T(y, x)]

9. Express 
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 is an irrational number using quantifiers.

Sol.  Consider the equation 
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 It does not posses any integer solution. Hence we can express 
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 is an irrational number as  7(
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10. Symbolize: For every x, there exists a y such that 
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Sol.  Let P(x, y) : 
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For every x, there exists a y such that 
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 can be symbolized as (
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x) (
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y) P(x, y).

11. Symbolize : For any given positive integer, there is a greater positive integer.

Sol.  Let P(x): x is a positive integer

            G(x, y): x is greater than y

The statement can be written as “For any x, if x is a positive integer then there exists some y such that y is a positive integer and y is greater than x” and it is 
          (
[image: image565.wmf]"

x)[P(x) 
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y)( P(y)
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12. Symbolize: Some people are not admired by everyone.

Sol.  Let P(x): x is a person

             A(x,y): x admires y

The given statement can be written as “There is a person who is not admired by some person” and it is  (
[image: image569.wmf]$

x) (
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y)[P(x) 
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P(y) 
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7 A(x, y)].

13. Symbolize: Every book with a blue cover is a mathematics book.

Sol.  Let   P(x) : x is a book

                B(x) : x has a blue cover

               M(x) : x is a mathematics book

The statement can be written as “For all x, if x is a book and x has a blue cover then x is a mathematics book” and it is  (
[image: image573.wmf]"

x)[P(x)
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B(x)
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M(x)]

14. Symbolize: Every one who likes fun will enjoy each of these plays.

Sol.  Let L(x) : x likes fun

               P(y) : y is a play

            E(x,y) : x will enjoy y.

The statement can be written as “For each x, if x likes fun and for each y, if y is a play, then x enjoys y” and it is (
[image: image576.wmf]"

x)(
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y)[ L(x)
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P(y)
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E(x,y)].
15. Symbolize: Every one should help his neighbours or his neighbours will not help him.

Sol.  Let N(x,y) : x and y are neighbours

              H(x,y) : x should help y

              P(x,y) : x will help y

The statement can be written as “For every person x and every person y, if x and y are neighbors, then either x should help y or y will not help x” and it is   
             (
[image: image580.wmf]"

x) (
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y)[ N(x,y) 
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( H(x,y) 
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7 P(y,x))]

16. Symbolize : Every one who is healthy can do all kinds of work.

Sol.  Let   H(x) : x is a healthy person

                 W(y): y is a kind of work

               D(x,y): x can do y

The statement can be written as “For all x, if x is healthy and for all y, if y is a kind of work then x can do y” and it is (
[image: image584.wmf]"

x) (
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W(y) 
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D(x,y)].

17. Symbolize: Some people who trust others are rewarded.

Sol.  Let P(x): x is a person

               T(x): x trust others

               R(x): x is rewarded

The statement can be written as “There is one x such that x is a person, x trust others and x is rewarded” and it is  (
[image: image588.wmf]$

x)[P(x) 
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R(x)]

18. Symbolize: If any one is good then John is good.

Sol.  Let P(x): x is a person 

              G(x) : x is good

              G(j) : John is good

The statement can be written as “If there is one x such that x is a person and x is good then John is good” and it is (
[image: image591.wmf]$

x)[P(x) 
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G(x)] 
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 G(j).

19. Symbolize: He is ambitious or no one is ambitious.

Sol.  Let P(x): x is a person

              A(x): x is ambitious                                       

‘He’ represents a particular person. Let that person be y. So the statement is “y is ambitious or for all x, if x is a person then x is not ambitious” and it is 
         A(y)
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7 A(x)].

20. Symbolize: Every student in this class has studied calculus.

    Sol.  Let S(x) : x is a student in this class

                  C(x) : x has studied calculus

The statement can be written as “For all x, if x is a student in this class then x has studied calculus” and it is (
[image: image597.wmf]"

x)[ S(x) 
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C(x)]. 
21. Express the following statement in symbolic form “Any integer is either positive or negative”.

Sol.  Let I(x) : x is an integer

              P(x) : x is a positive integer

              N(x) : x is a negative integer

The statement can be written as “For all x, if x is an integer then either x is a positive or negative integer” and it is (
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N(x)}]. 
22. If S = {–2, –1, 0,1,2} determine the truth value of 
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Sol.  False.

        Because x = 0 does not satisfy the condition 
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23. Determine the truth value of each of the following statements.

i) 
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     Sol.  i) False   ii)  True   iii)  True   iv)  False.

24. Find the truth value of 
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 where P:2 >1, 
        Q(x) : x >3, R(x) : x >4, with the universe of discourse E being 
        E = {2,3,4}.

     Sol.  P is True and Q(3) is False. Hence P
[image: image615.wmf]®

Q(3) is False.
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              Since R(2), R(3), R(4) are all False, (
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                 Hence 
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 is False.

25. Give an example to show that 
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Sol.  Let A(x): x
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A and B(x) : x
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        Let A = {1} and B = {2}. Since A and B are non-empty, 
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26. Translate the following predicate calculus formula into English sentence  
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         Here C(x) : x has a computer

                F(x,y) : x and y are friends.

         The universe for both x and y is the set of all students of your college.

Sol.   For every student x, x has a computer or there exists a student y such that 
         y has a computer and x and y are friends.

         (i.e.) Every student has a computer or his friend has a computer.

27. Express the following two statements symbolically using quantifiers.

i) Some students in this examination hall know Java.

ii) Every student in this examination hall knows C++ or Java.
     Sol.  Let S(x) : x is a student

                    J(x) : x knows Java

                   C(x) : x knows C++.

             i) “There is an x such that x is a student and x knows Java” 

              and it is (
[image: image629.wmf]$

x)[S(x) 
[image: image630.wmf]Ù

J(x)].

        ii) “For every x, if x is a student then either x knows C++ 

              or Java” and it is  (
[image: image631.wmf]"

x)[ S(x) 
[image: image632.wmf]®

(C(x)
[image: image633.wmf]Ú

J(x))]. 
28. Define statement function of one variable. When it will become a statement?

Sol.  A expression containing predicate symbols and an individual variable.
        When the variable is replaced by any particular value then it will become a 

        statement.

29. Use quantifiers to express the associative law for multiplication of real numbers.

Sol.    (
[image: image634.wmf]"

x)(
[image: image635.wmf]"

y)(
[image: image636.wmf]"

z) ((x.y).z = x.(y.z)) where the universe of discourse for x, 
           y and z is the set of real numbers.

30. Let the universe of discourse be E = {5,6,7}. Let A = {5,6} and B = {6,7}. Let P(x): x is in A, Q(x): x is in B and R(x,y): x + y < 12. Find the truth value of   ((
[image: image637.wmf]$

x) (P(x) 
[image: image638.wmf]®

Q(x)) 
[image: image639.wmf]®

R(5,6).

Sol.  R(5,6) is true  [ since 5 + 6 = 11 < 12 ]

             P(5) is true and Q(5) is false

           
[image: image640.wmf]\

 P(5) 
[image: image641.wmf]®

Q(5) is false

        P(6) is true and Q(6) is true

           
[image: image642.wmf]\

 P(6) 
[image: image643.wmf]®

Q(6) is true

        P(7) is false and Q(7) is true

           
[image: image644.wmf]\

 P(7) 
[image: image645.wmf]®

Q(7) is true
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 (
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x) (P(x) 
[image: image648.wmf]®

Q(x)) is true

          Hence ((
[image: image649.wmf]$

x) (P(x) 
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Q(x)) 
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R(5,6) is true.

31. Give an example in which (
[image: image652.wmf]$

x) (P(x) 
[image: image653.wmf]®

Q(x)) is true but 

        ((
[image: image654.wmf]$

x) P(x)) 
[image: image655.wmf]®

((
[image: image656.wmf]"

x) Q(x)) is false.

Sol.  Let the universe of discourse be E = {3,4,6}

        Let P(x): x < 5 ,    Q(x): x > 7.

           P(3) is true.   
[image: image657.wmf]\

 (
[image: image658.wmf]$

x) P(x) is true.
        For any x in E, Q(x) is false.

          
[image: image659.wmf]\

 ((
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x) P(x)) 
[image: image661.wmf]®

((
[image: image662.wmf]"

x) Q(x)) is false.

         P(6) is false and Q(6) is false.

           
[image: image663.wmf]\

P(6) 
[image: image664.wmf]®

Q(6) is true

           
[image: image665.wmf]\

(
[image: image666.wmf]$

x) (P(x) 
[image: image667.wmf]®

Q(x)) is true.

32. Give an example of free and bound variable in predicate logic.

Sol.      (
[image: image668.wmf]"

x) P(x,y) 

             x: bound variable

             y: free variable  

33. Define bound and free variables.

Sol.  A variable is called a free variable in a formula if atleast one occurence of 

        the variable is a free occurrence.

        A variable is called a bound variable in a formula if atleast one occurence 
        of the variable is a bound occurrence.

    34.  Let the universe of discourse E = { 1, –1, 2, 3}. Let G(x): x  > 5 and 

           H(x): x divides 6. Find the truth value of 
[image: image669.wmf])
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    Sol.     
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 is true
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              Hence 
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 is false.

35.   Express the negations of the following statement using quantifiers and      

  in statement form: “ No one has done every problem in the exercise ”.

Sol.       Let D(x,y): x has done problem y

          The given statement is 7(
[image: image673.wmf]$

x) (
[image: image674.wmf]"

y) D(x,y)

                  Its negation is  (
[image: image675.wmf]$

x) (
[image: image676.wmf]"

y) D(x,y)

            (i.e.) Some one has done every problem in the exercise.

36.   Let the universe of discourse be the set {1, 4, 5, 8, 10}. Let D(x,y): x   

  divides y and S(x,y): x + y = 6. Find the truth values of the predicate   

       formula  (
[image: image677.wmf]$

x)(
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y) ( D(x,y)
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S(x,y) )
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(
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x) (
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y) D(x,y)

Sol.     (
[image: image683.wmf]$

x)(
[image: image684.wmf]$

y) ( D(x,y)
[image: image685.wmf]Ù

S(x,y) )  is true

           (
[image: image686.wmf]$

x)(
[image: image687.wmf]"

y) D(x,y)  is true.
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 Truth value of (
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x)(
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y) ( D(x,y)
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S(x,y) )
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(
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x) (
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y) D(x,y) is true.

                  UNIT – II
1. Define set and subset with an example.

Sol. Set : A set is a collection of well defined distinct objects.

        Ex: Collection of integers.

              Collection of vowels in English alphabets.

       Subset : A set A is said to be a subset of a set B if every element of A  

        is an element of B. It is denoted by A
[image: image695.wmf]Í

B.

       Ex: The set A = {1,3,4} is a subset of B = {1,2,3,4,5}.

2. Define power set with an example.

Sol. If A be any set, then the set of all subsets of A is called the power set of A  

       and it is denoted by P(A).

       Ex: If A = {1} then P(A) = {
[image: image696.wmf]f

,{1}}

             If A = {1,2} then P(A) = {
[image: image697.wmf]f

,{1},{2},{1,2}}

             If A = {1,2,3} then 

                 P(A) = {
[image: image698.wmf]f

,{1},{2},{3},{1,2},{2,3},{1,3},{1,2,3}}.

3. Binary relation.

      Let A and B be any two sets. A binary relation R from A to B is a  

      subset of A
[image: image699.wmf]´

B. (a,b)
[image: image700.wmf]Î

R is also written as aRb.

       If R is a subset of A
[image: image701.wmf]´

A, then we say that R is a binary relation in A.

4. Properties of binary relation.

a) Reflexive :  A relation R defined on a set A is said to be reflexive if (a,a)
[image: image702.wmf]Î

R  
[image: image703.wmf]"

a
[image: image704.wmf]Î

A.

b) Irreflexive : A relation R defined on a set A is said to be irreflexive if      (a,a) 
[image: image705.wmf]Ï

R  
[image: image706.wmf]"

a
[image: image707.wmf]Î

A.

c) Symmetric: A relation R defined on a set A is said to be symmetric if (a,b)
[image: image708.wmf]Î

R then (b,a)
[image: image709.wmf]Î

R. 

d) Asymmetric : A relation R defined on a set A is said to be asymmetric if (a,b)
[image: image710.wmf]Î

R then (b,a) 
[image: image711.wmf]Ï

 R. 

e) Antisymmetric : A relation R defined on a set A is said to be antisymmetric if (a,b)
[image: image712.wmf]Î

R and (b,a)
[image: image713.wmf]Î

R then a = b.(Or) R is antisymmetric if whenever 

     a 
[image: image714.wmf]¹

b then either (a,b)
[image: image715.wmf]Ï

R (or) (b,a) 
[image: image716.wmf]Ï

R.

f) Transitive : A relation R defined on a set A is said to be transitive if (a,b)
[image: image717.wmf]Î

R and (b,c)
[image: image718.wmf]Î

R then (a,c)
[image: image719.wmf]Î

R.

5. Relational matrix
     If A = 
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 are finite sets containing m and n elements respectively and R is a relation from A to B, then we can represent the relation R by m
[image: image721.wmf]´

n matrix called relation matrix denoted by MR = [mij] where 

            mij = 
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6. Digraph
      A small circle is drawn for each element of A and marked with the corresponding element. These circles are called vertices. An arrow is drawn from the vertex ai to the vertex  aj iff aiRaj. This is called an directed edge. An element of the form (a,a) in a relation corresponds to a directed edge from a to a. Such an edge is called a loop. This pictorial representation of R is called a digraph or directed graph of R. 

      In a digraph of R, the indegree of a vertex is the number of edges terminating at the vertex. The outdegree of a vertex is the number of edges leaving the vertex.

7. Find the relational matrix determined by the following digraph. Find the indegree and outdegree for each vertex.

                       
[image: image724.png]



Sol.  

          A = {1,2,3,4,5}

          R = {(1,2),(2,2),(2,3),(3,4),(4,4),(5,1),(5,4)}
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	1    2     3     4     5

	Indegree
	1    2     1     3     0

	Outdegree
	1    2     1     1     2


8. Let A = {a,b,c,d} and R the relation on A that has the matrix
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. Construct the digraph of R and list the   

     indegree and outdegree of all vertices.

Sol.   R = {(a,a),(a,b),(a,d),(b,c),(c,c),(c,d),(d,a)}

         The digraph of R is shown below

                              [image: image727.png]



	
	a    b     c     d

	Indegree
	2    1     2     2     

	Outdegree
	3    1     2     1     


9. Partition

     A partition of a set S is a collection P = {Ai} of nonempty subsets of S  

     such that 

          i) Each a in S belongs to one of Ai.

         ii) The sets of P are mutually disjoint (i.e) if Ai
[image: image728.wmf]¹

Aj then Ai
[image: image729.wmf]Ç

Aj = 
[image: image730.wmf]f

.

10.  Find all the partitions of {1,2,3}
Sol. [{1},{2},{3}],[{1,2,3}],[{1,2},{3}],[{1,3},{2}],[{2,3},{1}]

       The total number of partitions of a set having three elements is 5.

11.  Equivalence relation

               A relation R on a set A called an equivalence relation if it is reflexive, symmetric and transitive.

12. Partial order relation

               A relation R on a set A called an partial order relation if it is reflexive, antisymmetric and transitive.

13. Poset (or) partially ordered set

               A set P together with the partial order relation is called a Poset. If the partial order relation is “
[image: image731.wmf]£

 ” then the Poset is denoted by (P, 
[image: image732.wmf]£

).

14.  For any sets A,B and C, Prove that 
[image: image733.wmf]).
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Sol.  
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15.  Give an example of a relation which is symmetric, transitive but not  

       reflexive on {a,b,c}.

Sol.  R = {(a,b), (b,a), (a,a), (b,b)}.

16. Can a relation which is irreflexive and symmetric be transitive? 

        Why or why not?

Sol.  No. The relation cannot be transitive. 

        Let aRb. Then by symmetric, bRa. If transitive, then aRb and bRa  

        implies aRa, which is not irreflexive.

17.  Given A = {2,5,6}, B = {3,4,2}, C = {1,3,4}. Find A – B and A – C.

Sol.  A – B = {5,6}.  A – C = {2,5,6}.

18.  Let A = {1,2,3,4,12}. If a and b
[image: image735.wmf]Î

A, a
[image: image736.wmf]£

b iff a divides b. Draw the  

       Hasse diagram of Poset (A, 
[image: image737.wmf]£

).

Sol.

                [image: image738.png]



19.  Obtain the partial ordering represented by the Hasse diagram.

                              [image: image739.png]



     Sol.  The given Hasse diagram can be labelled as follows:

                                [image: image740.png]



          Then the partial ordering R represented in the Hasse diagram is

         R ={(a,a),(b,b),(c,c),(d,d),(e,e),(f,f),(a,c),(a,d),(a,e),(a,f),(b,c),(b,d),(b,e),

                                                                            (b,f),(c,d),(c,e),(c,f),(d,e),(d,f)}.

    20.  Draw the Hasse diagram of D20 = {1,2,4,5,10,20}.

    Sol.  

                     [image: image741.png]



21.  If A = {2,3}
[image: image742.wmf]Í

X = {2,3,6,12,24,36}and the relation 
[image: image743.wmf]£

 is such that x
[image: image744.wmf]£

y  

        if x divided y. Find the least element and greatest element for A.

Sol.    

             [image: image745.png]


   

          There is no least element and greatest element is 6 for A.

22.  Least Upper Bound

Sol.  An element a
[image: image746.wmf]Î

P is called a Least Upper Bound of B if a is an upperbound of B and 
[image: image747.wmf]a

a

¢

£

 whenever 
[image: image748.wmf]a

¢

 is an upperbound of B 

(i.e) a preceeds all the other upperbounds of B.

23.  Greatest Lower Bound

Sol.  An element a
[image: image749.wmf]Î

P is called a Greatest Lower Bound of B if a is an lowerbound of B and 
[image: image750.wmf]a
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 whenever 
[image: image751.wmf]a

¢

 is an lowerbound of B 

(i.e) a succeeds all the other lowerbounds of B.

24.  Define Lattice with an example.

Sol.  A lattice is a partially ordered set (L,
[image: image752.wmf]£

) in which every pair of elements  

        a,b
[image: image753.wmf]Î

L has a greatest lower bound and a least upper bound.

         Example: 

                               [image: image754.png]



25.  Define chain.

Sol.  Let (P,
[image: image755.wmf]£

) be a Poset. The partial ordering “
[image: image756.wmf]£

” is said to be totally 

        ordered set (or) simply ordered set (or) a chain if either 

                     x
[image: image757.wmf]£

y (or) y
[image: image758.wmf]£

x 
[image: image759.wmf]"

x,y
[image: image760.wmf]Î

P.

26.  Bounded lattice.

Sol.  A lattice (L,
[image: image761.wmf]Å

*

,

) which has both a least element and a greatest element is called a bounded lattice. The least element is denoted by 0 and the greatest element is denoted by 1.

27.  Prove that every finite lattice is bounded.

Sol.  Consider a finite lattice L = 
[image: image762.wmf]{
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. Hence 

         every finite lattice is bounded.

28.  Given the poset (L, 
[image: image765.wmf]£

) where L = {2,3,6,12,24,36} and the relation 

       
[image: image766.wmf]£

 is divisibility. Find the L.U.B of subset of A = {2,3,6}.

Sol.  Upper bounds of A = {6,12,24,36}.  LUB of A = 6.

29.  Find the GLB and LUB of the set {3,9,12} if they exist, in the Poset 

       (z+, / ) where b/a  stands for a divides b.

Sol.  

                      [image: image767.png]



           GLB = 3 and there is no LUB.

30.   In a bounded lattice (L, 
[image: image768.wmf]Å

*

,

,0,1) an element b
[image: image769.wmf]Î

L is called  

        a complement of an element a
[image: image770.wmf]Î

L if a
[image: image771.wmf]*

b=0 and a
[image: image772.wmf]Å

b=1.

31.  Define complemented lattice.

Sol.  A lattice (L, 
[image: image773.wmf]Å

*

,

,0,1) is said to be a complemented lattice 

        if every element of L has atleast one complement.

32.  Define modular lattice.

Sol.  A lattice (L, 
[image: image774.wmf]Å
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,

) is said to be modular if 
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a,b,c
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33.  Define distributive lattice.

Sol.   A lattice (L,
[image: image779.wmf]Å
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) is said to be distributive lattice if for any a,b,c
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34.  Show that the given lattice are not distributive.

                       [image: image782.png]



Sol.
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         which shows that the given lattice is not distributive.

35.  Give an example of a lattice which is modular but not  

       distributive.

                     [image: image784.png]


  

Sol.   The above lattice is called diamond lattice denoted by M5.

          M5 is modular ( since the elements a,b,c are symmetric) 

         But 
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           Hence M5 is not distributive.

36. The following is the Hasse diagram of a partially ordered set. Verify  

        whether it is a lattice.

                      [image: image787.png]



Sol.  From the diagram 
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 does not exist. 

        For, c and e are upperbounds of a and b, but neither precedes the other.

        So 
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 does not exist. Hence the given Poset is not a lattice.

37.  Prove that the lattice given by the following diagram is not  

       modular.

                       [image: image790.png]



Sol. 
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         Hence the given lattice is not modular.

38.  In a lattice (L, 
[image: image792.wmf]£

) with usual notations. Show that for any a,b,c
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Sol.  For any a,b,c
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39.  Obtain the Hasse disgram of (P(A3), 
[image: image802.wmf]£

) where A = {1,2,3}.

Sol. 

                     [image: image803.png]



     40.  Define Boolean algebra.

Sol.  A Boolean algebra is a complemented, distributive lattice.

41.  Find all the atoms in D(30).
Sol.  D(30) = {1,2,3,5,6,10,15,30}

        In D(30), the atoms are 2,3,5.

42.  Is the lattice of divisors of 32 a Boolean algebra?
Sol.

                      [image: image804.png]



         The lattice D(32) is a chain and hence it is not complemented.

         Therefore, D(32) is not a Boolean algebra.

43.  Prove a.(a+b) = a+(a.b) in a Boolean algebra.
Sol.  a.(a+b) = (a+0).(a+b) = a+(0.b) = a+0 = a.

        a+(a.b) = a.1+(a.b) = a.(1+b) = a.1 = a.

           Hence a.(a+b) = a+(a.b)

44.  Show that in any Boolean algebra
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Sol.  
[image: image806.wmf])]

.

(

)].[

.

(

[

)

.

(

)

.

(

a

b

b

a

b

a

a

b

b

a

+

+

=

+


                            
[image: image807.wmf])

).(

(

)

.(

1

.

1

).

(

)

).(

).(

).(

(

b

a

b

a

a

b

b

a

a

b

b

b

a

a

b

a

+

+

=

+

+

=

+

+

+

+

=


45.  In any Boolean algebra, show that
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Sol.  
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46.  Prove the Boolean identity 
[image: image811.wmf].
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Sol.  
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47.  In a Boolean algebra, prove that
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0

=

¢

+

¢

Û

=

b

a

b

a

b

a


Sol.  Let a = b

         Then 
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         Conversely, let 
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         Similarly from (1), 
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           From (2) and (3) we get a = b.

48.  Find the value of the Boolean expression 
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Sol.  
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49.  In a lattice Show that 
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Sol.  If we can show that 
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        that 
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50.  Simplify the following Boolean expressions
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Sol.  
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UNIT – IV
1. Define Group. 

Sol.  A non empty set G together with a binary operation 
[image: image834.wmf]*

 is called a group if 

        the following conditions are satisfied.

i) a
[image: image835.wmf]*

b
[image: image836.wmf]Î

G 
[image: image837.wmf]"

a,b
[image: image838.wmf]Î

G ( Closure)

ii) a
[image: image839.wmf]*

(b
[image: image840.wmf]*

c) = (a
[image: image841.wmf]*

b) 
[image: image842.wmf]*

c 
[image: image843.wmf]"

a,b,c
[image: image844.wmf]Î

G ( Associative )

iii) There exists an element e
[image: image845.wmf]Î

G such that 

             a
[image: image846.wmf]*

e = e
[image: image847.wmf]*

a = a  
[image: image848.wmf]"

a
[image: image849.wmf]Î

G ( Identity )

iv) There exists an element 
[image: image850.wmf]a

¢



 EMBED Equation.3 [image: image851.wmf]Î

G such that 

             a
[image: image852.wmf]*



 EMBED Equation.3 [image: image853.wmf]a

¢

 = 
[image: image854.wmf]a

¢



 EMBED Equation.3 [image: image855.wmf]*

a = e  
[image: image856.wmf]"

a
[image: image857.wmf]Î

G ( Inverse ).

2. Define Abelian group.

Sol.  In a group 
[image: image858.wmf])

,

(

*

G

, if a
[image: image859.wmf]*

b = b
[image: image860.wmf]*

a 
[image: image861.wmf]"

a,b
[image: image862.wmf]Î

G then 
[image: image863.wmf])

,

(

*

G

 is called a abelian group.

3. Define subgroup.

Sol.  A subset H of a group G is called a subgroup of G if H itself forms a group under the operation of G.

4. Define cyclic group.

Sol.  A group 
[image: image864.wmf])

,

(

*

G

is said to be cyclic, if there exists an element a
[image: image865.wmf]Î

G such that 

        each and every element in G can be expressed in terms of an where n is an 

        integer. Here the element ‘a’ is said to be the generator of the cyclic group.

5. If ‘a’ is a generator of a cyclic group G then a-1 is also a generator of G.

Sol.  Let G be a cyclic group generated by an element a
[image: image866.wmf]Î

G.

                    G = an , n is some integer

                        = (a-1)-n
        Since  –n is also some integer, every element of G can be generated be a-1. 

            
[image: image867.wmf]\

a-1 is also a generator of G.

6. Define Semigroup and monoid. Give an example of a semigroup which is not a monoid.

Sol.  Semigroup: A non empty set S together with a binary operation 
[image: image868.wmf]*

 is called a semigroup if the following conditions are satisfied.

i) a
[image: image869.wmf]*

b
[image: image870.wmf]Î

S 
[image: image871.wmf]"

a,b
[image: image872.wmf]Î

S ( Closure)

ii) a
[image: image873.wmf]*

(b
[image: image874.wmf]*

c) = (a
[image: image875.wmf]*

b) 
[image: image876.wmf]*

c 
[image: image877.wmf]"

a,b,c
[image: image878.wmf]Î

S ( Associative )

Monoid : A non empty set M together with a binary operation 
[image: image879.wmf]*

 is called a monoid if the following conditions are satisfied.

iii) a
[image: image880.wmf]*

b
[image: image881.wmf]Î

M 
[image: image882.wmf]"

a,b
[image: image883.wmf]Î

M ( Closure)

iv) a
[image: image884.wmf]*

(b
[image: image885.wmf]*

c) = (a
[image: image886.wmf]*

b) 
[image: image887.wmf]*

c 
[image: image888.wmf]"

a,b,c
[image: image889.wmf]Î

M ( Associative )

v) There exists an element e
[image: image890.wmf]Î

M such that 

             a
[image: image891.wmf]*

e = e
[image: image892.wmf]*

a = a  
[image: image893.wmf]"

a
[image: image894.wmf]Î

M ( Identity )

Example :  (N, +) is a semigroup but not monoid   

For, we know that N is the set of all positive integers

              (i.e.) N = {1,2,3,…….}

 Sum of any two positive integers is again a positive integer. Hence N is closed under addition.

Also usual addition is always associative.

        
[image: image895.wmf]\

N is a semigroup.

The additive identity is zero because a +0 = 0 +a = a 
[image: image896.wmf]"

a
[image: image897.wmf]Î

N.

      But 0
[image: image898.wmf]Ï

N (i.e.) 0 is not an element of N

     
[image: image899.wmf]\

(N , +) is not a monoid. 

7. Give an example of a monoid which is not a group.

Sol.  (Z , .) is a monoid but not a group.

         We know that Z is the set of all integers.

i) a.b = ab 
[image: image900.wmf]"

a,b 
[image: image901.wmf]Î

Z

      Z is closed under multiplication.

ii) (a.b).c = a.(b.c) 
[image: image902.wmf]"

a,b,c 
[image: image903.wmf]Î

Z

      Z is associative under multiplication

iii)     1 
[image: image904.wmf]Î

Z,  1.a = a.1 = a

      Hence 1 is the multiplicative identity

           
[image: image905.wmf]\

(Z , .) is a monoid

iv)     2 
[image: image906.wmf]Î

Z. Its multiplicative inverse is 
[image: image907.wmf]Ï

2

1

Z.

           
[image: image908.wmf]\

(Z , .) is not a group.

8. Prove that every cyclic group is abelian.

Sol.  Let 
[image: image909.wmf])

,

(

*

G

 be a cyclic group generated by an element a 
[image: image910.wmf]Î

G.

        For any two elements x , y
[image: image911.wmf]Î

G  we have x = am  and  y = an  where m , n are 

        integers.  Now,  x
[image: image912.wmf]*

y = am 
[image: image913.wmf]*

 an
                                         = am+n
                        
          = an+m
                                         = an 
[image: image914.wmf]*

 am
                                         = y
[image: image915.wmf]*

x

                        
[image: image916.wmf]\

 
[image: image917.wmf])

,

(

*

G

 is abelian.

9. Show that G = {1,-1,i,-i} is cyclic group.

Sol.  Let a = i. Every element of G can be expressed as integral powers of i.

        1 = i4 , -1 = i2 , i = i1 , -i = i3.

        Hence i is the generator of G and therefore G is cyclic.

10.  Define order of a group and order of an element.
Sol.  Order of a group
         The number of elements in a group G when G is finite is said to be order  

         of  a group and is denoted by O(G).

        Order of an element

         Let G be a group and e be the identity element of G. Let a
[image: image918.wmf]Î

G. If there is a 

         least positive integer m such that am = e then m is called the order(or) 

         period of a
[image: image919.wmf]Î

G, which is denoted by O(a).

11.  Show that the identity element of a group G is unique.
Sol.  Let e1 and e2 be two identity element of G.

        Let e1 be the identity element and e2 act as some element of G

          Then e2 
[image: image920.wmf]*

 e1  = e1 
[image: image921.wmf]*

 e2 = e2 ----------(1)

        Now, let e2 be the identity element and e1 act as some element of G.  

          Then e1 
[image: image922.wmf]*

 e2 = e2 
[image: image923.wmf]*

 e1 = e1 ---------(2)

         From (2),   e1 = e2 
[image: image924.wmf]*

 e1
                                = e2      [using (1) ]

          Hence identity element of G is unique.

12. Show that the inverse of an element in a group G is unique.

Sol.  Let 
[image: image925.wmf]a

¢

 and 
[image: image926.wmf]a

¢

¢

 be the two inverses of a.

         Then a 
[image: image927.wmf]*

 
[image: image928.wmf]a

¢

 = 
[image: image929.wmf]a

¢

 
[image: image930.wmf]*

a = e 

           and a 
[image: image931.wmf]*

 
[image: image932.wmf]a
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 = 
[image: image933.wmf]a
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 EMBED Equation.3 [image: image934.wmf]*

a = e 

               
[image: image935.wmf]a

¢

 = 
[image: image936.wmf]a

¢



 EMBED Equation.3 [image: image937.wmf]*

e

                    = 
[image: image938.wmf]a

¢



 EMBED Equation.3 [image: image939.wmf]*

(a
[image: image940.wmf]*



 EMBED Equation.3 [image: image941.wmf]a

¢

¢

)

                    = (
[image: image942.wmf]a

¢



 EMBED Equation.3 [image: image943.wmf]*

a) 
[image: image944.wmf]*



 EMBED Equation.3 [image: image945.wmf]a

¢

¢


                    = e
[image: image946.wmf]*



 EMBED Equation.3 [image: image947.wmf]a
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¢


                    = 
[image: image948.wmf]a
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¢


          Hence inverse of a is unique.

13. If a and b are the elements of a group 
[image: image949.wmf])

,

(

*

G

 show that

(a
[image: image950.wmf]*

b)-1 = b-1
[image: image951.wmf]*

a-1
    Sol.          (a
[image: image952.wmf]*

b) 
[image: image953.wmf]*

( b-1
[image: image954.wmf]*

a-1) = a 
[image: image955.wmf]*

(b 
[image: image956.wmf]*

 b-1) 
[image: image957.wmf]*

 a-1
                                               = a 
[image: image958.wmf]*

e 
[image: image959.wmf]*

 a-1
                                               = a 
[image: image960.wmf]*

 a-1
                                = e

            Also ( b-1
[image: image961.wmf]*

a-1) 
[image: image962.wmf]*

(a
[image: image963.wmf]*

b) = b-1 
[image: image964.wmf]*

( a-1
[image: image965.wmf]*

a) 
[image: image966.wmf]*

b

                                               =  b-1
[image: image967.wmf]*

e 
[image: image968.wmf]*

 b

                                               =  b-1
[image: image969.wmf]*

b

                                = e

                 
[image: image970.wmf]\

(a
[image: image971.wmf]*

b)-1 = b-1
[image: image972.wmf]*

a-1
14. If 
[image: image973.wmf])

,

(

*

G

 is an abelian group, prove that (a
[image: image974.wmf]*

b)2 = a2
[image: image975.wmf]*

b2
       for all a,b
[image: image976.wmf]Î

G.

Sol.  Given that G is abelian group.   
[image: image977.wmf]\

a
[image: image978.wmf]*

b = b
[image: image979.wmf]*

a   
[image: image980.wmf]"

 a,b
[image: image981.wmf]Î

G.

         Then (a
[image: image982.wmf]*

b)2 = (a
[image: image983.wmf]*

b)
[image: image984.wmf]*

(a
[image: image985.wmf]*

b)

                             = a
[image: image986.wmf]*

(b
[image: image987.wmf]*

a) 
[image: image988.wmf]*

b

                             = a
[image: image989.wmf]*

(a
[image: image990.wmf]*

b) 
[image: image991.wmf]*

b

                             = (a
[image: image992.wmf]*

a) 
[image: image993.wmf]*

(b
[image: image994.wmf]*

b)

                             = a2
[image: image995.wmf]*

b2.

15. Show that if every element in a group is its own inverse, then the group must be abelian.

Sol.  Let a,b 
[image: image996.wmf]Î

G.

         Since each and every element has its own inverse, we have

                  a = a-1
          and  b = b-1
        Also as a
[image: image997.wmf]*

b 
[image: image998.wmf]Î

G,   a
[image: image999.wmf]*

b = (a
[image: image1000.wmf]*

b)-1
                                             =  b-1
[image: image1001.wmf]*

a-1
                                             = b
[image: image1002.wmf]*

a

              Hence G is abelian.

16. In a group, Show that an element a
[image: image1003.wmf]Î

G is such that a2 = e,

        a
[image: image1004.wmf]¹

e if and only if a = a-1.

Sol.  Let a
[image: image1005.wmf]Î

G, a
[image: image1006.wmf]¹

e

         Assume  a2 = e

                      a.a = e

               a-1(a.a) = a-1.e

               (a-1a).a = a-1

                                e.a = a-1
                        a = a-1
          Conversely, let a = a-1
                                a.a = a. a-1
                                 a2 = e.

17. Prove that if G is multiplicative group and for all a
[image: image1007.wmf]Î

G, 

       a2 = e then G is abelian.

     Sol.        Given  a2 = e for all a
[image: image1008.wmf]Î

G.

                              a.a = e

                       a-1(a.a) = a-1.e

                      (a-1.a).a = a-1
                              e.a = a-1
                                 a = a-1.

               Similarly, as b
[image: image1009.wmf]Î

G,  b = b-1
                Now as a.b
[image: image1010.wmf]Î

G,   a.b = (a.b)-1
                                                  = b-1. a-1
                                   = b.a

          
[image: image1011.wmf]\

G is abelian.

18. Check whether {0,2,4,6,8} under addition mod 10 is a group.

Sol.      

               0     2     4     6     8

	0
	2
	4
	6
	8

	2
	4
	6
	8
	0

	4
	6
	8
	0
	2

	6
	8
	0
	2
	4

	8
	0
	2
	4
	6


         0

         2

         4

         6

         8

    From the above table we can easily see that the given set is closed under 

    addition mod 10.  0 is the identity element and inverse of 0,2,4,6,8 are  

    0,8,6,4,2 respectively. Hence {0,2,4,6,8} is a group under addition mod 10.

19. Let 
[image: image1012.wmf])

,
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*

A

 be a monoid such that for every 
[image: image1013.wmf]x

 in A, 
[image: image1014.wmf]x



 EMBED Equation.3 [image: image1015.wmf]*



 EMBED Equation.3 [image: image1016.wmf]x

 = e, where e is the identity element. Show that 
[image: image1017.wmf])

,

(

*

A

is an abelian group.

Sol.       Given 
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 EMBED Equation.3 [image: image1019.wmf]*



 EMBED Equation.3 [image: image1020.wmf]x

 = e

                   
[image: image1021.wmf]\
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-1 = 
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             For 
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,y
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A,  
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y = 
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-1
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y-1
                                           = (y
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)-1
                                           = y
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                       Hence A is abelian.

20. Prove that the only idempotent element of a group is its identity element.

Sol.  If ‘a’ is an idempotent element then we have 

            a
[image: image1034.wmf]*

a = a

        Now,  e = a-1
[image: image1035.wmf]*

a

                     = a-1
[image: image1036.wmf]*

(a
[image: image1037.wmf]*

a)

                     = (a-1
[image: image1038.wmf]*

a) 
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a

                     = e
[image: image1040.wmf]*

a

                     = a.

          Hence the only idempotent element of G is its identity element.

21. Show that the intersection of two subgroups is a subgroup.

Sol.  Let H and K are subgroups of G.

         Then atleast the identity element e
[image: image1041.wmf]Î

H and e
[image: image1042.wmf]Î

K.
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H
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K is a non empty subset of G.

         Let a,b
[image: image1045.wmf]Î

 H
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K  
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 a,b
[image: image1048.wmf]Î

H  and  a,b
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K
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 a
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b-1
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H  and  a
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b-1
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K

                                     
[image: image1055.wmf]Þ

 a
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b-1
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 H
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K  
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 H
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K  is a subgroup of G.

22.  Find all the cosets of the subgroup H = {1, -1} in 

        G = {1, -1, i , -i}  with the operation multiplication.

Sol.  Right coset of H in G
                H1 = {1, -1}

            H(-1) = {-1, 1}

                Hi = {i , -i}

            H(-i) = {-i, i}

          Left coset of H in G

                1H = {1, -1}

            (-1)H = {-1, 1}

                 iH = {i , -i}

             (-i)H = {-i, i}
23.  Find the left cosets of  {
[image: image1061.wmf][

]

[

]

3

,

0

} in the addition modulo group     

        (Z6 , +6 ).

Sol.   Let Z6 = {
[image: image1062.wmf][

]

[

]

[

]

[

]

[

]

[

]

5

,

4

,

3

,

2

,

1

,

0

}  be a group.

                H = {
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]

[

]

3

,

0

}  be a subgroup of  (Z6 , +6 ).

          The left cosets of H are
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]

0

+H = {
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]

[

]

3

,

0

}
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]

1

+H = {
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]

1

, 
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]

4

}
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]

2

+H = {
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]

2

, 
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]

5

}
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]

3

+H = {
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]

[

]

0

,

3

}
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]

4

+H = {
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[

]
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}
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5

+H = {
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}
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]

0

+H = 
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]

3

+H ,  
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]

1

+H = 
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]

4

+H  and 
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]

2

+H = 
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]

5

+H  are the 

               three distinct left cosets of H in (Z6 , +6 ).

24. Define normal subgroup and show that every subgroup of an abelian group is normal.

Sol.  Normal subgroup
        A subgroup (N, 
[image: image1085.wmf]*

) of a group (G, 
[image: image1086.wmf]*

) is said to be a normal subgroup of G, if 

        for every g
[image: image1087.wmf]Î

G and for every n
[image: image1088.wmf]Î

N, gng-1
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N.

        Let (G, 
[image: image1090.wmf]*

) be an abelian group and (N, 
[image: image1091.wmf]*

) be a subgroup of G.

         Let g
[image: image1092.wmf]Î

G and let n
[image: image1093.wmf]Î

N

                     gng-1 = (gn)g-1
                              = (ng)g-1
                              = n(gg-1)

                              = ne

                              = n
[image: image1094.wmf]Î

N
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g
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G and n
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N,  gng-1
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N.

               Hence (N, 
[image: image1100.wmf]*

) is a normal subgroup.

25. Prove that the intersection of two normal subgroups is a normal subgroup.

Sol.  Let N1 and N2 be any two normal subgroups of a group G.

         
[image: image1101.wmf]\

 N1 and N2 are subgroups of G.

         Since e 
[image: image1102.wmf]Î

 N1 and e 
[image: image1103.wmf]Î

 N2  
[image: image1104.wmf]Þ

e 
[image: image1105.wmf]Î

 N1
[image: image1106.wmf]Ç

N2
          
[image: image1107.wmf]\

 N1
[image: image1108.wmf]Ç

N2 is a non empty subset of G.

        Let g 
[image: image1109.wmf]Î

G , h 
[image: image1110.wmf]Î

 N1
[image: image1111.wmf]Ç

N2
         
[image: image1112.wmf]Þ

g 
[image: image1113.wmf]Î

G, h 
[image: image1114.wmf]Î

 N1 and h 
[image: image1115.wmf]Î

 N2
         
[image: image1116.wmf]Þ

g 
[image: image1117.wmf]Î

G,h 
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 N1  and g 
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G,h 
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 N2
         
[image: image1121.wmf]Þ

 ghg-1
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 N1  and ghg-1
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 N2
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 ghg-1
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 N1
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N2
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 N1
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N2 is a normal subgroup of G.

26. If G is a group of prime order, Prove that G has no proper subgroup.

Sol.  Let G be a group and O(G) = p , a prime number.

         Let H be a subgroup of G.

        Then by Lagrange’s theorem,

                    O(H) divides O(G).

             (i.e.) O(H) divides p.

         As p is a prime number and O(H)/p , either O(H) = p (or) O(H) = 1. 

         If O(H) = p, then H = G and if O(H) = 1, then H = {e}. Thus if H is a 

         subgroup of G, then either H = G  or  H = {e}.

             Hence G has no proper (nontrivial) subgroup.

27. Every group of prime order is cyclic ( and hence abelian).

Sol.  Let G be a group with O(G) = p, a prime number.

         Let a
[image: image1129.wmf]¹

e
[image: image1130.wmf]Î

G and H be the cyclic subgroup of G generated by a.

         By Lagrange’s theorem,  O(H) / O(G)

                                        (i.e.) O(H) / p

             So O(H) = 1 or p.

           Since O(H) 
[image: image1131.wmf]¹

1, ( as a
[image: image1132.wmf]¹

e and a,e
[image: image1133.wmf]Î

H, O(H)
[image: image1134.wmf]³

2) we have O(H) = p.

           So G = H.

      
[image: image1135.wmf]\

 G is a cyclic group and hence abelian.(as every cyclic group is abelian).                                       

28. Define monoid homomorphism and group homomorphism.

Sol.  Monoid homomorphism
              Let (M, 
[image: image1136.wmf]*

, em ) and (N, 
[image: image1137.wmf]D

,en ) be any two monoids.

         A mapping h : M
[image: image1138.wmf]®

N such that for any a,b 
[image: image1139.wmf]Î

M,

                     h(a
[image: image1140.wmf]*

b) = h(a) 
[image: image1141.wmf]D

h(b)

              and h(em) = h(en)

         is called monoid homomorphism.

        Group homomorphism

              Let (G, 
[image: image1142.wmf]*

) and (G’, 
[image: image1143.wmf]D

) be two groups.

        A mapping f : G
[image: image1144.wmf]®

G’ is called group homomorphism if for any a,b
[image: image1145.wmf]Î

G,    

                f(a
[image: image1146.wmf]*

b) = f(a) 
[image: image1147.wmf]D

f(b).

29. What do you call a homomorphism of a semigroup into itself?

Sol.  A homomorphism of a semigroup into itself is called semigroup 

        endomorphism.

30. Prove that monoid homomorphism preserves invertibility.

Sol.  Let h : (M, 
[image: image1148.wmf]*

, em ) 
[image: image1149.wmf]®

 (N, 
[image: image1150.wmf]D

,en ) be a monoid homomorphism

         Now g(a
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a-1) = g(em) = en = g(a) 
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g(a-1)

                  g(a-1
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a) = g(em) = en = g(a-1) 
[image: image1154.wmf]D

g(a)

                  
[image: image1155.wmf]Þ

g(a-1) = [g(a)]-1.

31. Define Kernel of a homomorphism.

Sol.  Let f : G 
[image: image1156.emf]®






G’ be a group homomorphism then the kernel of f (or) Ker(f) 

        is defined as  Ker(f) = {
[image: image1157.wmf]x
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G / f(
[image: image1159.wmf]x

) = e’ , e’ is the identity of G’}.

32. Define a ring and give an example.

Sol.  An algebraic system (R , +,  . ) is said to be a ring if  + and  .  are binary 

        operations on R satisfying the following properties:

i) (R, +) is an algebraic group.

ii) (R, . ) is a semigroup.

iii) The operation  . is distributive over +, 

(i.e.) for a,b,c 
[image: image1160.wmf]Î

R,  a.(b + c) = a.b + a.c

                       and (a + b).c = a.c + b.c

              Example :

               The set of all integers Z, the set of all real numbers R are rings under the 

               usual addition and usual multiplication.

33. When an element in a ring is said to be zero divisor? Give an example of a ring without zero divisors.

Sol.  An element ‘a’ in a ring (R, +, .) is said to be zero divisor if a
[image: image1161.wmf]¹

0 and b
[image: image1162.wmf]¹

0 

        in R such that a.b = 0

        Example : (Z5 , +5 , .5 ) where p is any prime number.

34. Let x = 1011, y = 0101. Find H(x,y)

Sol.  H(x,y) = |x
[image: image1163.wmf]Å

y| = | 1011 
[image: image1164.wmf]Å

 0101 | = | 1110 | = 3.

35. Define group code.

Sol.  An (m,n) encoding function e : Bm
[image: image1165.wmf]®

Bn  is called a group code if e(Bm) is 
        a subgroup of Bn.
36. If S denotes the set of positive integers 
[image: image1166.wmf]£

 100, for x,y
[image: image1167.wmf]Î

S, define 

       x
[image: image1168.wmf]*

y = min{x,y}. Verify whether (S, 
[image: image1169.wmf]*

) is a monoid assuming that 
[image: image1170.wmf]*

 is  

       associative.

Sol. 100 is the identity element in (S, 
[image: image1171.wmf]*

), since x
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100 = min{x,100} = x

        since x
[image: image1173.wmf]£

100 for all x
[image: image1174.wmf]Î

S.

           Hence (S, 
[image: image1175.wmf]*

) is a monoid.

37. If H is a subgroup of the group G, among the right cosets of H in G, Prove that there is only one subgroup viz., H.

Sol.  Let Ha be a right coset of H in G where a
[image: image1176.wmf]Î

G. If Ha is a subgroup of G, 

        then e
[image: image1177.wmf]Î

Ha.

        So e
[image: image1178.wmf]Î

Ha 
[image: image1179.wmf]Þ

He = Ha

                        
[image: image1180.wmf]Þ

 H = Ha.  

38. Give an example of a sub semi-group.

Sol.  For the semigroup (N, +), the set of all even positive integers is a sub 

        semigroup (E, +) of (N, +).

39. In the group {2,4,6,8} under multiplication modulo 10, what is the identity element?

Sol.        ×10     2     4    6     8

	4
	8
	2
	6

	8
	6
	4
	2

	2
	4
	6
	8

	6
	2
	8
	4


                 2

                 4

                 6

                 8

                   The identity element is 6.

40. In the group {1,5,7,11} under multiplication modulo 12, what is the inverse of 5?

Sol.        ×12     1     5    7     11

	1
	5
	7
	11

	5
	1
	11
	7

	7
	11
	1
	5

	11
	7
	5
	1


                 1

                 5

                 7

               11 

                   The identity element is 1. Hence the inverse of 5 is 5 itself.

41. Give an example of a commutative ring without identity.

Sol.  The set of even integers under usual addition and multiplication.

_1310399080.unknown

_1310399232.unknown

_1310399361.unknown

_1310399425.unknown

_1310399489.unknown

_1310399522.unknown

_1310399538.unknown

_1310399574.unknown

_1310399578.unknown

_1310399582.unknown

_1310399584.unknown

_1310399585.unknown

_1310399586.unknown

_1310399583.unknown

_1310399580.unknown

_1310399581.unknown

_1310399579.unknown

_1310399576.unknown

_1310399577.unknown

_1310399575.unknown

_1310399542.unknown

_1310399572.unknown

_1310399573.unknown

_1310399543.unknown

_1310399540.unknown

_1310399541.unknown

_1310399539.unknown

_1310399530.unknown

_1310399534.unknown

_1310399536.unknown

_1310399537.unknown

_1310399535.unknown

_1310399532.unknown

_1310399533.unknown

_1310399531.unknown

_1310399526.unknown

_1310399528.unknown

_1310399529.unknown

_1310399527.unknown

_1310399524.unknown

_1310399525.unknown

_1310399523.unknown

_1310399505.unknown

_1310399514.unknown

_1310399518.unknown

_1310399520.unknown

_1310399521.unknown

_1310399519.unknown

_1310399516.unknown

_1310399517.unknown

_1310399515.unknown

_1310399510.unknown

_1310399512.unknown

_1310399513.unknown

_1310399511.unknown

_1310399508.unknown

_1310399509.unknown

_1310399506.unknown

_1310399497.unknown

_1310399501.unknown

_1310399503.unknown

_1310399504.unknown

_1310399502.unknown

_1310399499.unknown

_1310399500.unknown

_1310399498.unknown

_1310399493.unknown

_1310399495.unknown

_1310399496.unknown

_1310399494.unknown

_1310399491.unknown

_1310399492.unknown

_1310399490.unknown

_1310399457.unknown

_1310399473.unknown

_1310399481.unknown

_1310399485.unknown

_1310399487.unknown

_1310399488.unknown

_1310399486.unknown

_1310399483.unknown

_1310399484.unknown

_1310399482.unknown

_1310399477.unknown

_1310399479.unknown

_1310399480.unknown

_1310399478.unknown

_1310399475.unknown

_1310399476.unknown

_1310399474.unknown

_1310399465.unknown

_1310399469.unknown

_1310399471.unknown

_1310399472.unknown

_1310399470.unknown

_1310399467.unknown

_1310399468.unknown

_1310399466.unknown

_1310399461.unknown

_1310399463.unknown

_1310399464.unknown

_1310399462.unknown

_1310399459.unknown

_1310399460.unknown

_1310399458.unknown

_1310399441.unknown

_1310399449.unknown

_1310399453.unknown

_1310399455.unknown

_1310399456.unknown

_1310399454.unknown

_1310399451.unknown

_1310399452.unknown

_1310399450.unknown

_1310399445.unknown

_1310399447.unknown

_1310399448.unknown

_1310399446.unknown

_1310399443.unknown

_1310399444.unknown

_1310399442.unknown

_1310399433.unknown

_1310399437.unknown

_1310399439.unknown

_1310399440.unknown

_1310399438.unknown

_1310399435.unknown

_1310399436.unknown

_1310399434.unknown

_1310399429.unknown

_1310399431.unknown

_1310399432.unknown

_1310399430.unknown

_1310399427.unknown

_1310399428.unknown

_1310399426.unknown

_1310399393.unknown

_1310399409.unknown

_1310399417.unknown

_1310399421.unknown

_1310399423.unknown

_1310399424.unknown

_1310399422.unknown

_1310399419.unknown

_1310399420.unknown

_1310399418.unknown

_1310399413.unknown

_1310399415.unknown

_1310399416.unknown

_1310399414.unknown

_1310399411.unknown

_1310399412.unknown

_1310399410.unknown

_1310399401.unknown

_1310399405.unknown

_1310399407.unknown

_1310399408.unknown

_1310399406.unknown

_1310399403.unknown

_1310399404.unknown

_1310399402.unknown

_1310399397.unknown

_1310399399.unknown

_1310399400.unknown

_1310399398.unknown

_1310399395.unknown

_1310399396.unknown

_1310399394.unknown

_1310399377.unknown

_1310399385.unknown

_1310399389.unknown

_1310399391.unknown

_1310399392.unknown

_1310399390.unknown

_1310399387.unknown

_1310399388.unknown

_1310399386.unknown

_1310399381.unknown

_1310399383.unknown

_1310399384.unknown

_1310399382.unknown

_1310399379.unknown

_1310399380.unknown

_1310399378.unknown

_1310399369.unknown

_1310399373.unknown

_1310399375.unknown

_1310399376.unknown

_1310399374.unknown

_1310399371.unknown

_1310399372.unknown

_1310399370.unknown

_1310399365.unknown

_1310399367.unknown

_1310399368.unknown

_1310399366.unknown

_1310399363.unknown

_1310399364.unknown

_1310399362.unknown

_1310399296.unknown

_1310399328.unknown

_1310399345.unknown

_1310399353.unknown

_1310399357.unknown

_1310399359.unknown

_1310399360.unknown

_1310399358.unknown

_1310399355.unknown

_1310399356.unknown

_1310399354.unknown

_1310399349.unknown

_1310399351.unknown

_1310399352.unknown

_1310399350.unknown

_1310399347.unknown

_1310399348.unknown

_1310399346.unknown

_1310399337.unknown

_1310399341.unknown

_1310399343.unknown

_1310399344.unknown

_1310399342.unknown

_1310399339.unknown

_1310399340.unknown

_1310399338.unknown

_1310399333.unknown

_1310399335.unknown

_1310399336.unknown

_1310399334.unknown

_1310399331.unknown

_1310399332.unknown

_1310399329.unknown

_1310399312.unknown

_1310399320.unknown

_1310399324.unknown

_1310399326.unknown

_1310399327.unknown

_1310399325.unknown

_1310399322.unknown

_1310399323.unknown

_1310399321.unknown

_1310399316.unknown

_1310399318.unknown

_1310399319.unknown

_1310399317.unknown

_1310399314.unknown

_1310399315.unknown

_1310399313.unknown

_1310399304.unknown

_1310399308.unknown

_1310399310.unknown

_1310399311.unknown

_1310399309.unknown

_1310399306.unknown

_1310399307.unknown

_1310399305.unknown

_1310399300.unknown

_1310399302.unknown

_1310399303.unknown

_1310399301.unknown

_1310399298.unknown

_1310399299.unknown

_1310399297.unknown

_1310399264.unknown

_1310399280.unknown

_1310399288.unknown

_1310399292.unknown

_1310399294.unknown

_1310399295.unknown

_1310399293.unknown

_1310399290.unknown

_1310399291.unknown

_1310399289.unknown

_1310399284.unknown

_1310399286.unknown

_1310399287.unknown

_1310399285.unknown

_1310399282.unknown

_1310399283.unknown

_1310399281.unknown

_1310399272.unknown

_1310399276.unknown

_1310399278.unknown

_1310399279.unknown

_1310399277.unknown

_1310399274.unknown

_1310399275.unknown

_1310399273.unknown

_1310399268.unknown

_1310399270.unknown

_1310399271.unknown

_1310399269.unknown

_1310399266.unknown

_1310399267.unknown

_1310399265.unknown

_1310399248.unknown

_1310399256.unknown

_1310399260.unknown

_1310399262.unknown

_1310399263.unknown

_1310399261.unknown

_1310399258.unknown

_1310399259.unknown

_1310399257.unknown

_1310399252.unknown

_1310399254.unknown

_1310399255.unknown

_1310399253.unknown

_1310399250.unknown

_1310399251.unknown

_1310399249.unknown

_1310399240.unknown

_1310399244.unknown

_1310399246.unknown

_1310399247.unknown

_1310399245.unknown

_1310399242.unknown

_1310399243.unknown

_1310399241.unknown

_1310399236.unknown

_1310399238.unknown

_1310399239.unknown

_1310399237.unknown

_1310399234.unknown

_1310399235.unknown

_1310399233.unknown

_1310399144.unknown

_1310399177.unknown

_1310399216.unknown

_1310399224.unknown

_1310399228.unknown

_1310399230.unknown

_1310399231.unknown

_1310399229.unknown

_1310399226.unknown

_1310399227.unknown
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