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SECTION A — (10  2 = 20) 

Answer ALL questions. 

1. Define Perfect test. 

2. If  na  converges, then prove that 0lim 
 nn

a . 

3. If  f and g be complex continuous functions on a metric space X. 
Then prove that gf   is continuous. 

4. What is meant by discontinuity of second kind? 

5. Define common refinement. 

6. Write the integration by parts formula for n 
b

a

dxxGxF )()( . 

7. Define uniformly converges of sequence of functions. 

8. Find the limit function of 2)( xxfn   where  nx ],1,0[ . 

9. Prove that dim = n. 

10. Define contraction. 

SECTION B — (5  5 = 25) 

Answer ALL questions, choosing either (a) or (b). 

11. (a) Let A be the set of all sequences whose elements are digits 
0 and 1. Prove that this set A is uncountable. 

Or 

 (b) State and prove Heine-Borel theorem. 
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12. (a) Let X and Y be metric spaces ; suppose fXE ,  maps E 

into Y, and p is a limit point of E. Then prove that 
qxf

px



)(lim  if and only if qpf nn




)(lim  or every sequence 

}{ np  in E such that ppn  , ppnn



lim . 

Or 

 (b) Suppose f is a continuous mapping of a compact metric 
space X into a metric space Y. Then prove that )(Xf  is 

compact. 

13. (a) If *P  is a refinement of P, then prove that 

),,(),,(  fPLfPL  and ),,(),,(  fPUfPU  .  

Or 

 (b) Suppose f  () on [a, b], ,Mfm   is continuous on 

[m, M], and ))(()( xfxh   on [a, b]. Then prove that  

h  () on [a, b]. 

14. (a) Let  be monotonically increasing on [a, b]. Suppose  
nf  () on [a, b], for n = 1, 2, 3,…, and suppose ffn   

uniformly on [a, b]. Then prove that nf  () on [a, b], 

and  


b

a

b

a
nn
dfdf  lim . 

Or 

 (b) If K is a compact metric space, if nf (K) for  

n = 1, 2, 3,…, and if }{ nf  converges uniformly on K, then 

prove that }{ nf  is equicontinuous on K. 

15. (a) Prove that a linear operator A on a finite-dimensional 
vector space X is one-to-one if and only if the range of A is 
all of X. 

Or 

 (b) Suppose f maps a convex open set E  into , f is 
differentiable in E, and there is a real number M such that 

Mx  )(f for every Ex . Then prove that 

abafbf  M)()(  for all EE  ba ,  
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SECTION C — (3  10 = 30) 

Answer any THREE questions. 

16. Show that every k-cell is compact. 

17. State and prove Taylor’s theorem. 

18. Assume  increases monotonically and   on [a, b]. Let f be 
a bounded real function on [a, b]. Then prove that f  () if 

and only if f . In that case   
b

a

b

a

dxxxfdf )()(  . 

19. Suppose ffn   uniformly on a set E in a metric space. Let x be 
a limit point of E, and suppose that ,..}3,2,1{)(lim 


nAtf nnxt

. 

Then prove that }{ nA  converges and nnxt
Atf


 lim)(lim . 

20. Let  be the set of all invertible linear operations on . Then 
prove the following : 

 (a) If A , (LB ), and 11  AAB , then B  

 (b) is an open subset of (L ), and the mapping 1 AA  
is continuous on . 

—————————— 


